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Abstract : This article was written with the aim of developing methodological foundations for building an integrated course "Fractal Geometry at School", 
which helps to increase interest in the study of mathematics and computer science, as well as to improve the quality of assimilation of knowledge, 
training in mathematics and the level of development of students' mental activity. The following tasks are posed in the article, and their solutions are 
given: to study and analyze scientific and methodological literature, Internet sources, software on the research topic, to identify the degree of 
development of the problem from a theoretical and practical point of view; to analyze existing scientific approaches and practical experience in studying 
the elements of fractal geometry by students of secondary schools; to reveal the aesthetic potential of fractal geometry, its role in the formation of a 
holistic natural-science picture of the world and to outline ways of implementation in an integrated course; to develop the content of the integrated course 
and the system of tasks for studying the elements of fractal geometry by schoolchildren of a comprehensive school; to develop a methodology for 
studying the elements of fractal geometry for secondary school students on the basis of creating a model for the implementation of integrative interaction 
between mathematics and computer science; experimentally verify the validity of the hypothesis of research by conducting a pedagogical experiment, 
processing and analyzing its results. The article defines the methods, tools and forms of training, developed conclusions. 
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1. INTRODUCTION 
In today's fast-paced world, education is also subject to 
significant modernization. It becomes aimed at the formation of 
an intellectually developed personality with a holistic view of the 
world picture, at the formation of a person who is able to 
establish himself in the future as a competitive specialist in the 
labor market. However, if one of the main civilizational trends at 
present is the desire for economic, political, cultural, 
informational and scientific integration, then in the education 
system there is still a substantive disunity, which is the main 
reason for the fragmented worldview among students and 
school graduates. The disunity of the majority of disciplines 
studied in schools, general educational institutions and 
universities creates serious difficulties in the formation of a 
holistic picture of the world among schoolchildren and students, 
and hinders their organic perception of culture. The 
development of one of the fundamental sciences of our time, 
mathematics, is facilitated by the emergence of new directions 
in it, which allow mathematical methods to become more 
general and diverse, and mathematical models of natural 
phenomena, technical processes, and social situations more 
accurately reflect their essence. Modern knowledge is obliged to 
global changes by informatization and humanization of exact 
sciences. The close connection of mathematics with computer 
science, natural sciences and the humanities, the capabilities of 
computer technology, on the one hand, made it possible to take 
shape in fundamentally new mathematical directions: computer 
mathematical modeling, discrete mathematics, fractal geometry, 
and on the other hand, this integration process creates 
favorable conditions for familiarization schoolboy and schoolboy 

to creative activity. That is why new interdisciplinary areas and 
courses should make certain adjustments to the entire training 
system. However, they are still not fully represented in school 
curricula. 
 

2. MATHERIALS AND METHODS 
Many researchers have noted that computer support is 
needed to teach modern integrated special courses in 
mathematics. However, most scientists are limited in 
developing such courses only to the theoretical justification for 
using a computer and conducting computerized mathematics 
lessons, which is undoubtedly important, but overall not 
innovative in teaching related disciplines. 
Much more significant at the present stage of development of 
pedagogy and private methods seems to be the focus on such 
teaching methods and techniques that allow us to achieve a 
harmonious personal development. When studying the 
material of individual disciplines, quite often only one 
hemisphere of the brain is involved and subject to the 
development process, and their general interaction rarely 
occurs. The familiarity of schoolchildren with the elements of 
fractal geometry should help correct this situation, because 
when programming and constructing fractal sets, along with 
the development of the verbal-logical type of thinking, the 
creative abilities of a person, the so-called artistic (aesthetic) 
component of his personality, are formed and developed. This 
dignity of fractal geometry makes it relevant to create a course 
"Fractal Geometry at School" in a comprehensive school, 
which is based on the integration of mathematics, computer 
science and art. Thus, the analysis of research results devoted 
to these problems, the analysis of teaching experience in 
reveal the following contradictions: 

 between the tendency towards cultural, informational and 
scientific integration, the need for schoolchildren to form a 
holistic scientific picture of the world, and the subject 
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disunity in learning, which makes schoolchildren have a 
fragmented worldview; 

 between the need to familiarize schoolchildren with the 
elements of fractal geometry, as objects and concepts of 
modern mathematics, and not given the opportunity for 
this with curricula and programs of a comprehensive 
school; 

 between the possibilities for the integration of knowledge 
in the construction of integrated courses in mathematics 
and computer science in a comprehensive school, and the 
insufficient level of development of methods for 
conducting such courses using information technologies. 

 
These contradictions determine the research problem: what 
are the methodological features of studying the elements of 
fractal geometry based on the integration of knowledge in 
mathematics and computer science in the educational process 
of schools? The need for its resolution determines the 
research topic: "The study of fractal geometry elements as a 
means of integrating knowledge in mathematics and computer 
science in the educational process of schools." 
The object of the study is the process of teaching mathematics 
to students of secondary schools. The subject of the study is 
the methodology for studying the elements of fractal geometry 
through the integration of knowledge in mathematics and 
computer science by schoolchildren. The purpose of the study: 
to develop methodological foundations for building an 
integrated course "Fractal Geometry at School", which will 
increase interest in the study of mathematics and computer 
science, as well as improve the quality of assimilation of 
knowledge, training in mathematics and the level of 
development of students' mental activity. Research hypothesis: 
the study of fractal geometry elements can have a positive 
effect on increasing interest in the study of mathematics and 
computer science, as well as on improving the quality of 
mastering mathematical knowledge and the level of 
development of mental activity of students, if it is based on: 

- actualization of integrative relations of mathematics VI 
computer science; 

- integrated use in training information and communication 
technologies; 

- the aesthetic component of learning mathematics. 
 
In accordance with the goal, subject and hypothesis, the 
following research objectives were set: 
1. To study and analyze scientific and methodological 

literature, Internet sources, software on the topic of 
research, to identify the degree of development of the 
problem from a theoretical and practical point of view. 

2. To analyze the existing scientific approaches and practical 
experience in studying the elements of fractal geometry by 
students of secondary schools. 

3. To reveal the aesthetic potential of fractal geometry, its role 
in the formation of a holistic natural-science picture of the 
world and to outline the ways of implementation in an 
integrated course. 

4. To develop the content of the integrated course and the 
system of tasks for studying the elements of fractal 
geometry by students of a comprehensive school. 

5. To develop a methodology for studying the elements of 
fractal geometry for schoolchildren of a comprehensive 
school on the basis of creating a model for implementing 
the integrative interaction of mathematics and computer 

science. 
6. Experimentally verify the validity of the hypothesis of 

research by conducting a pedagogical experiment, 
processing and analysis of its results. 

 
To solve the tasks in the work, the following research methods 
were used: 
1. Theoretical (analysis of foreign and domestic philosophical, 

mathematical, scientific, methodological and psychological-
pedagogical literature on the problem of research, the 
study of pedagogical experience). 

2. Empirical (observation of the activities of schoolchildren in 
the educational process, questionnaires, testing, analysis 
of creative and control work of schoolchildren, pedagogical 
experiment). 

3. Statistical (processing and analysis of the results of a 
pedagogical experiment). 

Literature Review. A number of authors of studies on the 
theory and methodology of teaching mathematics at school 
and university (N.X. Rozov [15], D.M. Makhmudova [10], 
V.S.Sekovanov [16], V.A. Testov [22] et al.). The appearance 
of the first fractal sets in the late XIX - early XX centuries is 
associated with the names of such famous scientists of the 
past as Dj. Gilford [6], R. Kronover [8], B. Mandelbrot [11], X. 
O. Paytgen [13] and M. Schreder [20], and others are dealing 
with general issues of fractal geometry and the problems of its 
teaching. Russian researchers S. V. Bozhokin [3], A. D. 
Morozov [12], M. N. Petrov [14], V. S. Sekovanov [16], and 
other researchers. Fractal geometry is increasingly used in 
science and practice. The use of fractals in science is reflected 
in the dissertation research of V.V. Afaunov [1], M.V. 
Budyansky [4], P. A. Shilyaev [19]. From a methodological 
point of view, the application of the theory of fractal sets in 
learning is considered in the publications of A.I. Azevich [2], 
A.V. Dikov [5], D.V. Kronin [7], E.I. Smirnov [21] and others. 
Theory and Discussion. Fractal geometry is a young rapidly 
developing mathematical field, associated not only with the 
advancement of new mathematical ideas, but also with 
integration with other sciences. The ideas of fractal geometry 
are currently applied in physics, medicine, psychology, 
economics, linguistics and other fields. The development of 
fractal geometry is associated with the development of new 
computer technologies, since the construction of fractals is 
impossible without computer tools. Computer graphics in 
recent years has taken a big step in its development. The term 
fractal graphics and special editors for working with it 
appeared. It is important to note that, having mastered the 
algorithms for constructing fractals, schoolchildren have 
universal methods for creating various mathematical models 
both in nature and in society. The first fractal sets appeared in 
the late XIX - early XX centuries. New mathem atical arrays 
have explored such mathematicians of the past. However, 
many of them could not be built, since there was still no 
suitable technique for realizing the self-similarity properties 
that all fractals possess. And only at the end of the 20th 
century it was possible to obtain images of fractals on a 
computer screen. One of the first constructions of fractal sets 
on a computer was done by the American scientist Benoit 
Mandelbrot. He called these sets fractal and gave a name to a 
new direction in mathematics - fractal geometry. The concept 
of beauty has been considered for centuries, and by a variety 
of people: philosophers, scientists, artists, sculptors, 
mathematicians. Aesthetics - the science of beauty - takes 
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shape in a separate area of human knowledge in the 17th 
century. The interest of mathematics in aesthetics from a 
methodological point of view has a peculiar "pulsating" 
character. There have been periods of complete oblivion 
(1985-1995) and periods of particular popularity, for example, 
in recent years, due to the tendency to humanize and 
humanize the educational process. In our opinion, the 
aesthetic potential of a new mathematical direction - fractal 
geometry consists in its openness and comprehensibility to 
any person. For example, in order to feel the aesthetic appeal 
of Euclidean geometry or algebra, certain mathematical skills 
and knowledge are needed (building drawings, knowledge of 
symmetry and the golden ratio in mathematics, problem 
solving skills, etc.). On the contrary, practically no additional 
knowledge and skills in the field of mathematics are required 
to experience the natural aesthetic attractiveness of fractals 
(the coastline of lakes and seas, the shape of clouds, trees, 
fern leaves) and get aesthetic pleasure from it. One of the 
main functions of science is worldview, which consists in the 
formation of a holistic scientific picture of the world in humans 
in the learning process. The scientific picture of the world is a 
kind of abstraction, a model that is formed on the basis of a 
generalization of data obtained in various fields of science, 
both empirically and theoretically. However, fractal geometry, 
as the geometry of nature, primarily contributes to the 
formation of the concept of "natural science picture of the 
world." It makes no sense to talk about the modern natural 
science picture of the world without taking into account the 
active role of mathematics in its creation. In our opinion, fractal 
geometry, fractality of natural objects (mountains, clouds, 
trees, rivers, the coastline of the sea, etc.) opens up 
fundamentally new opportunities for modern natural sciences, 
and allows a new look to evaluate the natural science picture 
of the world. Computer technology today has been widely 
developed throughout the world. The need for the introduction 
of new information technologies in the educational process is 
not in doubt. Our study is based on the works of well-known 
teachers and psychologists in the field of theory and practice 
of applying information technologies in the learning process 
and, in particular, in the process of teaching mathematics. In 
the educational process, information technology can be 
implemented in the following three options [17]: 
1. As a "penetrating" technology (the use of computer training 

on specific topics, sections for individual didactic tasks). 
2. As the main, determining, the most significant of the parts 

used in this technology. 
3. Like monotechnology (when all training, all management of 

the educational process, including all types of diagnostics, 
monitoring, rely on the use of a computer). 

We consider penetrating technology to be the main thing in 
studying the elements of fractal geometry, since it combines 
various functions of a computer as a learning tool: 
1. Computer training in the given processes (programming 

process when creating fractal sets). 
2. Creation of new software products (when familiarizing 

students with fractals). 
3. The use of various information media (the need for their use 

arises when creating compositions from elements of fractal 
sets). 

From a psychological and pedagogical point of view [21, 22], 
the main prospects for using a computer as a learning tool are: 
- a significant expansion of the possibilities for presenting 

educational information; 

- strengthening both the general motivation of learning and 
motivation in the study of individual disciplines; 

- Active involvement of students and schoolchildren in the 
educational process; 

- expansion of the sets of applied educational tasks (tasks on 
modeling, planning, etc.); 

- a qualitative change in the control over the activities of 
students and schoolchildren, providing flexibility in the 
management of the educational process. 

Upon further analysis of studies in the field of education 
informatization, the methodology of applying IT in the learning 
process, as well as when considering software tools presented 
on the Internet for creating and studying fractal sets, we came 
to the following conclusions: 

- the methods of applying IT in the learning process are not 
well developed, which causes certain difficulties in their 
practical use; 

- almost all software developments in fractal geometry, with 
rare exceptions (Algebraic Fractal Generator, MCOCB), are 
not perfect and present certain inconveniences in the work; 

- in the considered software environments, no attention is 
paid to the class of stochastic fractals (plasma, movement of a 
Brownian particle). The highlighted shortcomings required the 
solution of a number of problems: 
1. To develop training software to familiarize students with the 

elements of fractal geometry, including information on the 
class of stochastic fractals. 

2. To develop methods for the application of information and 
communication technologies in the study of fractals. 

Next, we examine the problem of integrating knowledge in 
mathematics and computer science. Computerization of a 
lesson, a training lesson is closely connected with the 
informatization and integration of education, since at a 
computerized lesson (not a computer science lesson), 
knowledge of at least two disciplines is included in the learning 
process. It is known that the processes of integration in 
education began to interest teachers and researchers for a 
long time. This problem has been repeatedly addressed by 
many representatives of foreign, as well as Russian and 
Uzbek pedagogy. In modern pedagogical science, integration 
is one of the priority areas. In the extensive literature on 
pedagogical labor technologies, as a rule, three main levels of 
integration are noted: 

- the first is associated with the definition of general 
requirements for the educational process; 

- the second is based on the combination of the conceptual 
and informational sphere of educational subjects; 

- the third is related to the solution of general educational 
problems. It seems to be the most profound and is expressed 
in the ability of students and schoolchildren to compare facts, 
judgments about the same phenomena, events, to establish 
connections and patterns between them, to apply jointly the 
skills developed in different educational disciplines. 
The purpose of integrated teaching is to teach students and 
schoolchildren to see the world as holistic and freely navigate 
it. Therefore, we consider the third level to be the most 
suitable for studying the elements of fractal geometry, since it 
allows you to establish interdisciplinary and intradisciplinary 
connections, apply the joint skills developed by schoolchildren 
in the study of computer science and mathematics. In the 
theory and methodology of teaching school and university 
mathematics, the problem of integrating mathematical 
knowledge, integrative relations between mathematics and 
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computer science, as well as developments in the field of 
integrated courses has been the subject of a number of 
studies. Integration in education can take many forms. One of 
these forms is the creation of interdisciplinary methods, 
theories and research directions aimed at creating a holistic 
scientific picture of the world among schoolchildren [22]. This 
direction allows us to develop a new worldview, create a 
nonlinear methodology, and leads to the emergence of a new 
nonlinear type of thinking. The mathematical apparatus of 
nonlinear methodology includes bifurcation theory, catastrophe 
theory, as well as new areas of mathematics (fractal geometry, 
the theory of fuzzy sets, etc.). The considered approach can 
be used in the construction of new integrated courses in 
mathematics based on the use of information and 
communication technologies to familiarize students with the 
elements of fractal geometry. As the studies (analysis of slice 
control tests, final exam results, etc.) show, the quality of 
knowledge and the level of training in mathematics of most 
graduates remains low, many students do not show interest in 
studying mathematical disciplines throughout the entire period 
of study. High school students and graduates are also poorly 
trained, both in the field of self-mastery of personal computer 
skills and in the implementation of information technologies. 
We believe that familiarizing students with the elements of 
fractal geometry based on information and communication 
technologies can have a positive effect on increasing interest 
in the study of mathematics, as well as on increasing the 
general level of training of a graduate of a secondary school in 
mathematics and computer science. A number of sections and 
topics studied by schoolchildren in the course of mathematics 
(―Elements of Set Theory‖, ―Elements of Geometry‖), as well 
as the developed practical tasks that we included in teaching 
the integrated course ―Fractal Geometry at School‖, help to 
systematize the mathematical knowledge of students, improve 
the quality of knowledge and the math level of the graduate 
school. A number of practical tasks of the course are focused 
on the professional and pedagogical orientation of school 
graduates - future students. 
The main goals and objectives of the integrated course 
"Fractal Geometry at School" are: 

- ensuring the continuity and consistency of mathematical 
and computer training; 

- the establishment of intersubject communications of 
mathematics and computer science; 

- improving the quality of knowledge and the level of 
training in mathematics of schoolchildren; 

- familiarization of students with the concepts and objects of 
modern mathematics (fractal, fractal geometry, self-similarity, 
etc.); 

- the formation of the aesthetic component of modern 
mathematics among students by the example of studying the 
elements of fractal geometry; 

- the development of verbal-logical and visual-figurative 
types of thinking in schoolchildren; 

- development of computer skills acquired in the course of 
computer science. 

 

3. EXPERIMENTAL RESULTS 
The final paragraph describes the pedagogical experiment, 
which consisted of three stages: ascertaining, search, 
formative. The experimental work was carried out on the basis 
of secondary schools in the city of Chirchik, Tashkent region. 
The main goal of the ascertaining stage of the experiment 

(2018) was to study the features of teaching informatics and 
mathematics courses in a comprehensive school, as well as 
issues related to the integration of knowledge during the 
teaching of these disciplines. As a result of teaching the 
studied disciplines, conducting a series of integrated training 
sessions in mathematics and computer science, 
questionnaires for schoolchildren, it was found that 
schoolchildren have an insufficient level of knowledge in the 
taught disciplines. In the course of the search experiment 
(2018-2019), the content of the educational material was 
selected, its own software was developed, the methodology of 
teaching the course in computer science classes was tested, 
the methods and forms of teaching material were refined and 
specified. The purpose of the formative experiment (2019-
2020) was an experimental verification of the hypothesis. The 
experiment was held on the basis of secondary schools in the 
Tashkent region during the first quarter of 2020. Pupils 
participated in it, from which a control group (160 people) and 
an experimental group (160 people) were formed. In total, 320 
people took part in the experiment. During the experiment, 
mathematics was taught in both groups of schoolchildren - 
subjects of mathematics and geometry were taught. In 
addition, an integrated course ―Fractal Geometry at School‖ 
was optionally taught for students of the experimental group. 
To conduct a component-wise analysis of the level of creativity 
of students using fractal geometry of students, experimental 
data were presented in table form. 

Table 1. Dynamics of the level of formation of students' 
creativity using fractal geometry at the beginning and at the 

end of the experiment 
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The quality of mathematical knowledge and the level of 
training in mathematics of schoolchildren were checked at the 
beginning and end of the quarter through comprehensive tests 
in the disciplines being studied. Assignments for control works 
in both groups were identical. Statistical processing of the test 
results showed that after the formative experiment, the level of 
development of mental activity in schoolchildren of the 
experimental group is higher than that of schoolchildren in the 
control group. In addition, after schoolchildren completed 
creative projects to create compositions from fractal sets using 
IT, a questionnaire was conducted in the experimental group. 
The questionnaire revealed the development of interest 
among students in the study of mathematical disciplines in the 
course of familiarizing them with the elements of fractal 
geometry, as well as the implementation of an aesthetic 
orientation in the project. To evaluate the work, an expert 
group (6 people) was formed of teachers who teach computer 
science, mathematics and fine art at school. They also 
participated in the survey. Based on the results of the 
questionnaire, the exhibition ―Miracles of Fractal Geometry‖ 
was made out of the best works of schoolchildren. Thus, an 
analysis of the results of the forming experiment showed that 
familiarity with the elements of fractal geometry has a positive 
effect on increasing interest in the study of mathematics and 
computer science, as well as on increasing the levels of 
mathematical preparation and the development of the mental 
activity of schoolchildren. 
 

4. CONCLUSION 

In conclusion, the study formulated the main conclusions: 
1.    In the scientific, methodological and educational literature, 

the degree of development of the research problem is 
insufficient. 

2. Taking into account the analysis of scientific, 
methodological and psychological-pedagogical sources, a 
methodological approach to the study of fractals based on 
the use of information and communication technologies in 
teaching has been determined, which allows the inclusion 
of knowledge about the elements of fractal geometry in 
the system of mathematical knowledge already known by 
schoolchildren. 

3.    Fractal geometry has great aesthetic potential and plays a 
significant role in shaping the natural science picture of 
the world of schoolchildren. 

4.   The developed methodology for studying the elements of 
fractal geometry with the use of information and 
communication technologies, the course program, and a 
set of practical classes contribute to the formation of new 
mathematical concepts in schoolchildren, systematize the 

previously studied, develop a steady interest in the study 
of mathematics and computer science, as well as increase 
the level of mathematical training and level of mental 
activity. 

5. The created model for implementing the integrative 
interaction of mathematics and computer science reflects 
the structure and content of the process of familiarizing 
students with the elements of fractal geometry based on 
new information and communication technologies. 

6. The validity and correctness of the proposed research 
hypothesis by conducting a pedagogical experiment, 
processing and analyzing its results has been 
experimentally and theoretically verified. 
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