
INTERNATIONAL JOURNAL OF SCIENTIFIC & TECHNOLOGY RESEARCH VO`LUME 10, ISSUE 04, APRIL 2021  ISSN 2277-8616 

119 
IJSTR©2021 
www.ijstr.org 

Sustainable Reliability And Bayesian Estimation 
Of Erlang Truncated Exponential Distribution 

Based On The Multiple Steps Stress  
 

Osama H. Mahmoud Hassan, Eman A. El-Dessouky Nassef 
 

Abstract: The study of reliability and application of various engineering and technical knowledge when designing and producing products serves to 
prevent or reduce failure. Which works to estimate realistic possibilities for the performance of products and systems for their tasks through the analysis 
of reliability data, this leads to improving the operating time and production capacity of the equipment. This paper deals with estimate the reliability 
through the statistical inference about the probability distribution parameters. Considering it when the lifetime distribution follows Erlang Truncated 
Exponential distribution, and due to assist designers, and manufacturers of items, products, and systems to get fast results, the accelerated lifetime is 
done by constructing our experiments using the multiple steps stress. The accelerated model is power rule model and the experiment terminate at a 
predetermined number of failures at each stress as type II censoring. The classical and Bayesian methods of estimation are considered, where Lindley’s 
approximation procedure is used to obtain the posterior mean and posterior variance under square error loss function. The asymptotic confidence 
intervals and credible intervals of the model parameters based on Gibbs sampling technique are computed. For illustration, simulation studies are 
provided. From our results, the Bayes estimators are more efficient than the maximum likelihood estimators and according to the estimated parameters, 
we can improve the reliability of systems, which support the sustainability of it. 
 
Keywords: Bayesian estimation, Erlang Truncated Exponential distribution, Gibbs sampling, Lindley's approximation method, Multiple step stress, 
power rule model, sustainable reliability 
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1 Introduction 
The company's reputation is closely associated with the 
reliability of its products. The more reliable the merchandise, 
the more likely that the corporate will have an honest 
reputation and achieve customers satisfaction which reflects 
on its growth. Therefore, sustainable reliability plays an 
essential part of the authority's the business plan, as we strive 
to achieve financial sustainability by increasing investments, 
and reducing costs, and maximizes revenues and profits 
across maintainable the infrastructure, systems and products. 
Since, accelerated life tests reduce the time, the effort, and 
costs, there are many studies have relied upon to study 
reliability such as: [1]and [2], used the accelerated life testing 
for computing and prediction the reliability. [3] depend on 
accelerated life testing for assessment the reliability of 
Electronic Fuze, where [4]and [5] applied it for the Doubly 
truncated Burr type XII distribution and Pareto-IV lifetime 
distribution respectively. The rest of this paper are often 
organized as follows: In Section 2 our model of the Erlang 
Truncated Exponential distribution test procedure for The 
Accelerated Life Tests under the power rule model.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The Maximum likelihood estimates of the model parameters, 
fisher information matrix, variance-covariance matrix and 
normal approximation for confidence intervals are obtained in 
section 3. Section 4 presents Bayesian estimation for the 
parameters using Lindley's approximation method and its 
credible interval based on Gibbs sampling technique. in 
section 5  to clarify the theoretical results, simulation studies 
are meted out in Section 6. Finally, Section 7contains the 
conclusions. 
 

2 THE MODEL 
This section introduces the assumed model for product life  

Notations: 

 lifetime of an item  

 The scale parameter of Erlang Truncated 
Exponential distribution 

 the shape parameters of the Erlang 
Truncated Exponential distribution 

 Parameters of power rule model 

 
Stress of test at level j. 

 All sample units in test 

 
predetermined umber of failures under 

stress 

 
Stress of test at level j. 

ETE Erlang-Truncated Exponential 
SSALT Step Stress Accelerated Life Testing 
MLE Maximum Likelihood Estimator 

 
2.1 Failure Time distribution as Erlang-Truncated 
Exponential distribution:   
El-Alosey [6] introduced Erlang-Truncated Exponential (𝐄𝐓𝐄) 
distribution as Random sum of new type of mixture of 
distribution  where it was the mixture of Erlang distribution and 
the left truncated one-parameter exponential distribution. Also, 
many researchers used it as [7] which applied it for rainfall 
data, [8] introduced the properties of the generalization of it, 
[9] and [10], [11]and [12] studied it in case of record values 
and order statistics.  
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The ETE distribution has the following characteristics : 

                          
(1) 

Where  is the shape parameter and  is the scale 
parameter 

The cumulative distribution function (cdf) is: 

                          
(2) 

The reliability function is: 

                          
(3) 

 The hazard function is: 

                          
(4) 

 
2.2 Test Procedure  
Step stress in accelerated life testing is introduced in many 
studies as [13], [14], [15], and [16]. During the multiple SSALT, 
units are subjected to successively higher levels of stress, the 
choice of stress level is very import for us to obtain credible 
reliability information. The stress limits include the specification 
limits, design limits, operating limits, and the destruct limits. 
The manufacturer to limit the use conditions by the customer 
provides the specification limits. The design limits are the 
stress conditions at which the product is  designed. The test 

applied to  identical sample units, after a unit is used at a 

normal level of stress , it is subjected to an initial level of 

stress for a predetermined number of failures  at the first 
stage in the test (Type II censoring). If it does not fail, it is 

subjected to a higher level of stress  for a predetermined 

umber of failures   at the second stage. It is subjected to a 

higher level of stress   for a predetermined umber of failures 

  at the third stage. It is subjected to a higher level of stress  

 for a predetermined umber of failures  at the fourth and 

final stage. )  are survived 
until the end of our experiment.  
 
2.3 The model of the multiple SSALT procedure 
assumptions:  

1- Four stress levels  where  

  are used (multiple step stress). 

2- A random sample of  identical products are placed on a 
life test under the fourth levels of stress. 

3- The stress is changed from or form  on so 

on, when the predetermined number of failures  
and the test is continued until all products in test are failed or 
until a pre-determined number of failures whichever comes 
first (type-II censoring). 

  4- For any level of stress, the life distribution of test 
product follows ETE distribution with pdf and Cdf are given by 
(1) and (2). 

5- The shape parameter  of ETE distribution is assumed to 
have an inverse power function pf stress levels,  

                          
(5) 

Where    

C is constant, and p is the power of applied the stress, is 
unknown parameters, depending on the nature of the product 
and the test method. Therefore, the lifetime of a test product at 

the lower stress  is longer than at the higher stress  and so 
for the other stresses. 
 
6.  A cumulative exposure model is used to analyze the data 
from the multi-step stress ALT, and relate the distribution under 
a step stress to the distribution under a constant stress. The 
cumulative exposure model with k- steps stress ALT is given 
by: 

                          

(6) 

From the assumptions, the cumulative distribution function of a 
total lifetime of the test takes the following form: 

                          

(7) 

Where   the 
cumulative distribution function of the failures at stress 

   ,  is the solution of the equation 

 , therefore, the general 
form solution is: 

                          

(8) 

Not that    and   where  is time of changing 
stress. 
 

3 MAXIMUM LIKELIHOOD ESTIMATION OF THE MODEL 

PARAMETERS  

From the assumptions, the probability density function of a 
total lifetime of test takes the following form: 

                          

(9) 

We now develop the likelihood function of an observation t 
(time to failure) at the multiple SSALT for k-steps as follows: 
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(10) 

Where   the number of surviving units at the end 
of our experiment. Therefore, when we have four step 

stresses as   , can get the likelihood 
function in the following form: 

                          

(11) 

The Maximum likelihood estimators of the unknown 

parameters  are obtained by maximizing the 
logarithm of the likelihood function as follows: 

 

                      

(12) 

The logarithm of the likelihood function in the above equation 
can be rewritten as: 

 

 

(13) 

Where 

                    

                    

(14) 

    

            
The first partial derivatives of the logarithm of the likelihood 
function (13) with respect to the unknown parameters 

 are obtained as follows: 

 

(15) 

 

(16) 

 

(17) 

Therefore, the maximum likelihood estimates of  are 
obtained by setting Equations (15), (16) and (17) to be equal 
zero. Obviously, it is very difficult to obtain a closed form 
solution for the three non-linear equations. So, iterative 
procedures will be used to solve these equations numerically. 
Newton- Raphson method is used to get the maximum 

likelihood estimators of . 
Concerning the asymptotic variance-covariance matrix of the 
ML estimators of the parameters, it can be approximated by 
numerically inverting the Fisher-information matrix F. It is 
composed of the negative second derivatives of the natural 
logarithm of the likelihood function evaluated at the ML 
estimates.  Then, the asymptotic Fisher-information matrix is: 

 

(18) 

The elements of Fisher information matrix F can be expressed 
by the following equations: 

 

(19) 

 

(20) 

 

(21) 

 

(22) 

 

(23) 

 

(24) 
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So, an asymptotic variance covariance matrix    

defined by inverting the Fisher information matrix   and 

substituting   for ,  for p, and  for . 

The 100  asymptotic confidence intervals for 

 are then given respectively by: 

 ,  and           

  
 

4 BAYESIAN ESTIMATION 

 
4.1 The Posterior Means of Unknown Parameters 

We assume the three parameters  are 
independently distributed with prior follow Gamma distribution 
as 

  

 > 0      

 > 0    

 

Therefor, The joint prior for the three parameters can be 
expressed by 

  
(25) 

Then, The joint posterior density function of  can be 
obtained as 

  (26) 

where is the likelihood function which is defined in 
(11). Since, we depend on square error loss function to obtain 
the Bayes estimators which are the mean of the posterior 
distribution, the Lindley's approximation method is used to 
evaluate the posterior means in many studies as [17], [18], 

and [19], we use it for  as: 

           

     

     

(27) 

Where 

  is the element  in the variance- covariance matrix 

 

 ln p  

                  +( ) ln   

           

     

     

           

     

         

    

   

     

   

      

     

   

    

 

  
4.2 The Credible Intervals  
We depend on Gibbs sampling to get the Bayesian estimators 
of parameters at (27) by Generating samples and repeating 
the algorithm M times. we get three vectors of Bayesian 
estimators for each parameter which contains M observations. 

Therefore, The Bayes point estimates of  as: 

 ,   , and      

(28) 

The posterior variance of  

 ,   , 

 and      

(29) 

Then the approximate  )% credible intervals for 

are given by arranging the values in ascending 
order to obtain the credible intervals as: 

, ,  and  
 

5 NUMERICAL STUDY 
A simulation study is carried out to investigate the 
performance of the estimators for items having ETE 
distribution based on Type II censoring. The performance of 
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estimators has been considered in terms of their relative 
absolute bias (RAB) and means square error (MSE).  
 
A simulation study is performed according to the following 
steps:  

Step 1: It is assumed that there are four steps of stress  , 
i.e. there are only three different levels  of stresses that  

 , where stress at usual use is 

 . At each stress  3. The test applied to 

 identical sample units, 

of size 

are generated from 
ETE distribution, respectively , at chosen initial values of the 

parameters . 
Step 2 : our experiment is done under Type II censoring which 
means the experiment terminate when terminates once the 

number of failures in each step stress  occur out of items 

.  
Step 3: Generate1000  random samples  random samples of 

sizes size  are generated from 

ETE distribution at stresses   
The parameters values are chosen as: 
 

Case 1:  

Case 2:  

Case 3:  

Case 4  

Case 5:  

Case 6:  

Case 7:  

Case 8:  
Step 4: For each sample and for the selected sets of 

parameters, the distribution parameters are 

estimated using maximum likelihood method. Newton -
Raphson technique is applied for solving the nonlinear 

Equations (15), (16) and (17) to get the estimates of . 
Step 5: The Relative Bias and MSE of the estimators for the 
distribution parameters for all sample sizes are computed.  
Step 6: The asymptotic variance and covariance matrix of the 
estimators for different sample sizes are obtained by using 
Equations (18-24).  
Step 7:  Using normal approximation method to construct the 
two sided confidence limits with confidence levels the 

parameters are constructed     

Step8: Bayesian estimators of parameters  through 
the posterior means, which evaluated by using are the 
Lindley's approximation method in equation (27). The initial 

values for the  are the MLE in step 4. 
Step9: we use Gibbs sampling to get Credible Intervals for 
Bayesian estimators, by repeating steps 1-8 1000 times, and 
substitute in equations (28) and (9) for three vectors of 

Bayesian estimators at .   
Step10: using the estimated parameters of MLE and Bayesian 

to estimate The shape parameter   and the reliability function 

at normal stress  and certain lifetime  
 

 
Our simulation results are summarized in tables 1 to 3: 
Tables 1 gives the maximum likelihood (MLE) and Bayesian 
estimators for ETE distribution parameters and the parameters 
of power rule model, Means square error (MSE) , Relative 
Absolute bias (RAB) are calculated for the selected set of 
parameters.  In table 2, confidence and  creditable intervals for 
model parameters at Confidence level 95% using normal 
approximation and Gibbs sampling methods. In table3, The 
MLE and Bayesian estimation for reliability function under 
normal stress and certain values of time. 

 
TABLE 1.THE MLE AND BAYESIAN ESTIMATORS WITH ITS RELATIVE ABSOLUTE BIAS AND MSE 

 

Parameter Method   
estimator RAB MSE estimator RAB MSE 

 
MLE 1.342905 0.1047303 0.0248193 1.790539 .1047304 .044123 

Bayesian 1.456373 0.0290847 0.0028925 1.934197 .0329012 .0060752 

 
MLE 0.5456048 0.0906587 0.0032152 0.5456048 .0906587 .00321524 

Bayesian 0.5738851 0.0435248 0.001082 0.571876 .0468725 .00118547 

 
MLE 2.264514 0.1500863 0.1612869 3.019352 .1500863 .286732 

Bayesian 2.523705 0.0528072 0.0261267 3.345263 .0583460 .0540263 

 
MLE 0.648252 0.296504 0.0255961 0.648255 .2965102 .02559704 

Bayesian 0.646911 0.293822 0.0255314 0.647072 .2941452 .02555435 

  

 
MLE 1.796407 0.1017967 0.041666 2.250285 0.0998860 0.0626883 

Bayesian 1.922869 0.0385654 0.006781 2.338312 0.064675 0.0270214 

 
MLE 0.7275546 0.0905568 0.0055039 1.091303 0.0905810 0.0120706 

Bayesian .7597346 0.0503318 0.0019676 1.111681 0.0735992 0.008118 

 
MLE 3.605768 0.1619129 0.4885937 6.398742 0.1887836 2.227813 

Bayesian 3.98074 0.0747582 0.1127525 6.780531 0.1403814 1.248436 

 
MLE 0.7535757 0.0765367 0.0040102 0.8735576 0.2479394 0.0343385 

Bayesian .7509027 0.071818 0.0039406 0.8708916 0.244130 0.0335584 

  

 
MLE 2.253447 0.0986213 0.0610995 2.706277 0.0979076 0.0867179 

Bayesian 2.300714 0.0797142 0.0406629 2.723746 0.0920847 0.0777493 

 
MLE 1.273166 0.0905954 0.0163424 1.364103 0.0905980 0.0187237 

Bayesian 1.27612 0.0884854 0.0156913 1.348955 0.1006969 0.0231898 

 MLE 7.926626 0.2016286 3.724548 9.99249 0.2078998 6.90385 
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Bayesian 7.809549 0.1824799 3.075018 9.9137 0.2141455 7.366052 

 
MLE 0.9534876 0.0594306 0.0041235 1.003199 0.0880009 0.0094344 

Bayesian 0.9511499 0.0568332 0.0039253 1.001359 0.0896735 0.0097928 

  

 
MLE 3.159633 0.0972476 0.1164475 3.160573 0.0969792 0.115804 

Bayesian 3.059701 0.125799 0.196394 3.059545 0.125844 0.1965219 

 
MLE 1.636873 0.0906208 0.0268662 1.636879 0.0906227 0.026864 

Bayesian 1.55926 0.1337445 0.0585546 1.558876 0.1339575 0.0587324 

 
MLE 15.14849 0.2277207 20.01066 15.15309 0.227486 19.96984 

Bayesian 13.62409 0.3054356 36.12589 13.61832 0.305729 36.19273 

 
MLE 1.073426 0.0241584 0.0010692 1.096091 0.156853 0.0421868 

Bayesian 1.073025 0.0245224 0.0011219 1.095779 0.157093 0.0423693 

 
TABLE 2. THE CONFIDENCE INTERVAL AND CREDITABLE INTERVAL FOR MODEL PARAMETERS 

AT CONFIDENCE LEVEL 95% USING NORMAL APPROXIMATION AND GIBBS SAMPLING METHODS 

 
 Approximate Interval Creditable Interval Approximate Interval Creditable Interval 

  ( L,U) IL  ( L,U) IL  ( L,U) IL  ( L,U) IL 

  

 (1.0671,1.6186) 0.5514 (1.3770,1.4952) .1181 (1.4228,2.1581) .7352 (1.8284,1.9861) .1577 

 (.40219,.68901) 0.2868 (.5409,.6049) .0640 (.40219,.68901) .2868 (.53946,.60280) .0633 

 (2.1918,2.3371) 0.1320 (2.348 ,2.6216) .2735 (2.9224,3.1162) .1937 (3.1120,3.4740) .3619 

 (.582209,.7142) 0.1453 (.4925,.7026) .2100 (.582212,.71429) .1320 (.49176,.70233) .2105 

  

 (1.4330,2.1597) .7266 (1.8747,1.9598) .0850 (1.7952,2.7053) .9100 (2.2831,2.3908) .1077 

 (.56143,.89367) .3322 (.73150,.78872) .0572 (0.8678,1.3147) .4469 (1.0854,1.1395) .05403 

 (3.4927,3.7188) .2261 (3.8390,4.1148) .2758 (6.1987,6.5987) .4000 (6.5150,6.9930) .4779 

 (.69371,.81343) .1197 (.65982,.7864) .1265 (0.8123,0.9348) .1224 (.69875,.92247) .2237 

  

 (1.7997,2.7091) .9113 (2.2466,2.3561) .1095 (2.1592,3.2532) 1.094 (2.6563,2.7943) .1350 

 (1.0191,1.5271) .5080 (1.2453,1.3051) .0597 (1.0944,1.6337) .5392 (1.3155,1.3786) .0630 

 (7.3892,7.8640) .1301 (7.4864,8.1105) .6240 (9.6805,10.304) .6237 (9.4403,10.336) .8961 

 (.88838,1.0185) .4748 (.85425,.98326) .1290 (.93813,1.0682) .1301 (.9893,1.0143) .0250 

  

 (2.5208,3.7984) 1.277 (2.9762,3.1492) .1729 (2.5217,3.7993) 1.277 (2.9761,3.1492) .1731 

 (1.3194,1.9542) .6347 (1.516,1.5956) .0796 (1.3194,1.9542) .6347 (1.5160,1.5951) .0790 

 (14.675,15.621) .9468 (12.743,14.377) 1.633 (14.678,15.627) .9488 (12.735,14.378) 1.643 

 (1.0083,1.1384) .1300 (1.0161,1.0955) .0794 (1.0310,1.1611) .1300 (1.0659,1.1438) .0778 

 
TABLE 3. THE MLE AND BAYESIAN ESTIMATION FOR RELIABILITY FUNCTION 

UNDER NORMAL STRESS AND CERTAIN VALUES OF TIME 

 

 
MLE Bayesian MLE Bayesian 

  
0.5 0.5826708 0.5482247 .4866648 .4507324 

1.1 0.3047412 0.2665072 .2050717 .1732293 

2.2 0.0928671 0.0710261 .0420544 .0300083 

3.1 0.0351256 0.0240737 .0115033 .00714984 

  
0.5 0.385081 0.3495761 0.15509 0.139293 

1.1 0.1225222 0.0990356 0.016568 0.0130811 

2.2 0.0150116 0.00980806 0.0002745 0.0001711 

3.1 0.00269415 0.00147896 0.000009 0.0000049 

  
0.5 0.0959735 0.0910475 0.042252 0.0434648 

1.1 0.0057641 0.0051332 0.000948 0.0010090 

2.2 0.0000332 0.000026 8.989E-7 1.018E-6 

3.1 0.0000004 0.0000003 3.021E-9 3.601E-9 

  
0.5 0.0068391 0.0113049 0.006443 0.0107484 

1.1 0.0000172 0.0000521 1.513E-5 4.666E-5 

2.2 2.978E-10 2.718E-9 2.291E-10 3.177E-9 

3.1 3.775E-14 8.516E-13 2.609E-14 6.227E-13 
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6 CONCLUSIONS  

From tables (1-3), the following observations can be made on 
the performance of estimated parameters of  ETE distribution 
based on the multiple steps stress the power rule model for 
the analysis of accelerated life testing with the type II 
censoring:  
There are the smallest values of MSE and RAB for 

. It is observed that the MSE and RAB increase as 
the values of parameters increase. The MSE and RAB for 
Bayesian estimators are less than its values for Maximum 
likelihood estimators. The confidence interval length for 

Bayesian estimators of  is smaller than its length for 

MLE, while vice inverse for the parameter  
  

Therefore, the Bayes estimators are more efficient than the 
maximum likelihood estimators. 
There is inverse relationship between the values of 

 and the reliability function for both methods of 
estimation parameter. According to the estimated parameters, 
we can build a plan for warranty or schedule of maintenance 
or periodic replacement for each items which lifetime follows 
ETE. This may improve the reliability of systems, which 
support the sustainability of the assets, and systems. 
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