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Umbilical Hypersurface Of A Generalized 
Recurrent Kaehlerian Weyl Spaces 

 
Girish Dobhal, Nitin Uniyal, Virendra Prasad 

 
Abstract: In the present paper we have studied umbilical hypersurface of a generalized recurrent Kaehlerian Weyl spaces. An    dimensional 
generalized recurrent Kaehlerian Weyl space with generalized recurrent Weyl Concircular curvature tensor and generalized recurrent Kaehlerian Weyl 
space with generalized recurrent Weyl Projective curvature tensor are defined. The condition for such hypersurface to be Concircular and Projective 
generalized recurrent have been shown. 
  
Index Terms: Kaehlerian Weyl space, generalized recurrent Weyl space, Concircular generalized recurrent, Projective generalized recurrent. 

———————————————————— 
 

1. INTRODUCTION 
GAUGE invariant theory was introduced by H. Weyl in 

1918 to unify gravity with electromagnetic theory. This 
theory was not accepted as a unified theory since the 
electromagnetic potential does not couple to spinor which 
was essential for the electromagnetic theory. This theory 
gained importance and is still studied in particle physics [1], 
invariant cosmology [2], and quantum mechanics. In 
complex spaces [2], Weyl geometry and geodesic of space 
time are studied. Physicists in quantum mechanics while 
dealing with phenomenon such as Berry phase (geometric 
phase), adiabatic transition probability in two level quantum 
system often rely on Kaehlerian space and Kaehlerian-Weyl 
space [3]. An   dimensional differentiable manifold    is 

said to be Weyl space if it has a symmetric connection    

and a symmetric conformal metric tensor     preserved 

by   . Accordingly, in local coordinates there exists a 

covariant vector field     (complementary vector field) 

satisfying the conditions [4], [5], and [6]. 
    

             .                                     (1.1) 

The above equation can be extended to 

               
          ,                                    (1.2) 

where    
  are the connection coefficients of the symmetric 

connection   and are defined as 
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Moreover, under the renormalization condition 
   ̃        ,             (1.4) 

of the metric tensor    , the covariant vector field    is 

transformed by the law 

    ̃           ,        (1.5) 

 
where   is a scalar function defined on   . We denote such 

a Weyl space by       
          or        . 

An   dimensional differential manifold having an anti-
symmetric connection   and anti-symmetric metric tensor 

    preserved by   is called generalized Weyl space [7]. It is 

denoted by         . For such a space, in local co-

ordinate system, the compatibility condition is 
               ,    (1.6) 

where    are the components of a covariant vector field, 

called the complementary vector field of the          
space. Using the concept of covariant differentiation ([8], 
[9]), the compatibility condition of (1.6) can be written as 

              
        

          ,     (1.7) 

where     
   are the connection coefficient of the anti-

symmetric connection    and are obtained from the 

compatibility condition as 

      
     

  
 

 
    

        
        

                       (1.8) 

On putting 

       
  

 

 
    

        
        

         ,  (1.9) 

 
we obtain 

    
     

     
  ,       (1.10) 

where       
   and     

  are respectively the coefficient of a 

Weyl connection and the torsion tensor of            
space and are expressed as 

      
  

 

 
[   

     
 ]     

 ,      (1.11) 

and 

      
  

 

 
    

     
        

 ,   (1.12) 

where square bracket stands for anti-symmetry. 
 
The components of mixed curvature tensor and Ricci tensor 
of          are respectively 

      
       

       
     

    
     

    
 ,  (1.13) 

           
 .     (1.14) 

On the other hand, the scalar curvature of           is 
defined by  

           .     (1.15) 
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It is easy to see that curvature tensor      
  of           

can be written as  

      
      

      
 ,          (1.16) 

where the tensors      
  and      

   are defined respectively 

as 

      
       

       
     

    
     

    
  ,     (1.17) 

      
       

       
     

    
     

    
      

    
  .  (1.18) 

The curvature tensor of           satisfies the relation [6]. 

     
      

    ,     (1.19) 
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 ],                                                    (1.20) 
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].                                                         (1.21) 

A Kaehlerian Weyl space denoted by     is an 
  dimensional (    ) space with an almost complex 

structure   
  satisfying 

        
   

     
  ,      

   
 
                      (1.22)  

 ̇   
   , (for all      )      (1.23) 

         
       ,    (1.24) 

         
 
     ,    (1.25) 

the tensors     and     are of weight   and    respectively 

[7]. 

The mixed curvature tensor     
  and the covariant curvature 

tensor       of         are given respectively as 

    
  

 

   
   

  
 

   
   

     
    

     
    

  

and                           
  . 

The Ricci tensor and the scalar curvature of         are 

defined by 

    
      and          

Also, it can be seen that the anti-symmetric part of the Ricci 
tensor satisfies 

              

Let                                            
 

 
      

                  
  

where              
     

       
     . Then the following 

relations hold 

    
   

 
    

 

 
        

 

 
          

          
       

  

     
        

      

    
        

      

                       

          

 

2. GENERALIZED RECURRENT KAEHLERIAN 
WEYL SPACE 

An  -dimensional Weyl space is called generalized 
recurrent Weyl space if its curvature tensor       satisfies 

 ̇                      ,        (2.1) 

where                                               . (2.2) 

    and     are associate vectors of recurrence. 

Multiplying (2.1) by      we get 

 ̇                      ,     (2.3) 

Transvecting (2.3) by     we have 

 ̇                  ,    (2.4) 

Eliminating    from (2.1)  and (2.4) we have 

                  ̇               , 

where 

                    
 

      
     ,         (2.5) 

Multiplying (2.5) by     we get 

              
 

 
   .           (2.6) 

Such a space is denoted by    . 

The Weyl Concircular curvature tensor        and Weyl 

Projective curvature tensor        in         is given by 

                
 

      
               ,             (2.7) 

and  

            
 

   
               .             (2.8)                                                                                        

Let         be a hypersurface of the Weyl space 

          defined in a local coordinate system by the 

system of parametric equation          , where   is the 
induced metric. Let                       and 

                be respectively the coordinates of 

          and          Let    be a local unit normal to 

          and let    
  

   

   ⁄ .  

Then  

     ̅    
   

 
 

 ̅      
 

    ̅              

                                            
   

 
     ̅        . 

The Gauss and Codazzi equations for         of  

          can be written in the form [10] 

 ̅      
   

 
  

 
  

         (             )  

 ̅     
   

 
  

 
  

               

Also [8] 

                           
 

      
     

       
    

          (2.9) 

A hypersurface of a Weyl space         is called 
quasiumbilical if  
                                                

where   is a satellite of      with weight     . If     then  

        is umbilical hypersurface. We know that   
 

 
 

where,   is the mean curvature of the hypersurface defined 

by       
  . A hypersurface of a Weyl space is called 

totally geodesic if      . If there exist in         two 

functions     and a covariant vector    such that 

                                                (2.10) 

then          is said to be quasiumbilical. If     then  

        is umbilical hypersurface. Using (2.10), Gauss and 

Codazzi equation can be written as 

 ̅      
   

 
  

 
  

           (             ),         (2.11) 

 ̅     
   

 
  

 
  

             ,   (2.12) 

where     
  

   . 

Now (2.9) reduces to 

                   
 

       
 ,   (2.13) 

                      
   .    (2.14) 

Differentiating (2.11) covariantly with respect to   and using 

(2.13), we have  

    ̅      
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      ̅        
   

   
 

       ̅        
 
  

   
 

         

     (             )  

Using (2.12), above equation reduces to 
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           ̅      
 
  

   
 
  

 
  

       (             )  

     (           )       (           )      (      

     ).                                              (2.15) 

Now, if           is a generalized recurrent space then 

(2.15) on account of (2.1) and (2.2) reduces to 

                  (             )       (       

      )       (           )       (           )  

      (           )                                                      (2.16) 

where 

       
 
, 

and 

       
 
. 

From (2.16) we have 
                                          

         ,                                                                     

(2.17) 
and  

                            .  (2.18) 

Definition (2.1). If the curvature tensor       of        

satisfies the condition 

                           ̇                       ,            (2.19) 

where     and     are associate vectors of recurrence then 

      is called generalized recurrent Kaehlerian Weyl 

space  with generalized recurrent Weyl Concircular 
curvature tensor. We denote such a space by          . 
 
Definition (2.2). If the curvature tensor       of        

satisfies the condition 

 ̇                       ,            (2.20) 

where      and     are associate vectors of recurrence then 

      is called generalized recurrent Kaehlerian Weyl 

space  with generalized recurrent Weyl Projective curvature 
tensor. We denote such a space by          . 
 
Theorem 1: Let           be generalized recurrent 

Kaehlerian Weyl space and         be its umbilical 

hypersurface, then         is Concircular generalized 
recurrent if and only if     .  
 
Proof: Let           be generalized recurrent Kaehlerian 

Weyl space and         be its umbilical hypersurface, 

now differentiating (2.7), covariantly with respect to   we 

have 

   ̇        ̇       
 ̇  

      
               ,              (2.21) 

Using (2.15) and (2.18) in (2.21), we have 

 ̇                 (             )       (       

      )        (           )       (           )  

     (             )  
 

      
                   

                      .                                                  

(2.22) 
  If     , then above equation reduces to  

 ̇         [      
 

      
{             }]    (       

      )                   , 

Above equation in view of (2.7) reduces to 

 ̇                       ,    (2.23) 

therefore hyperspace is Concircular generalized recurrent. 
Conversely, if (2.23) holds then (2.22) reduces to 

      (             )     (           )     (      

     )     (            )     {             }    , 

which reduces to     as     . 
 
Theorem 2: Let           be generalized recurrent 

Kaehlerian Weyl space and         be its umbilical 

hypersurface, then         is Projective generalized 

recurrent if and only if     .  
 
Proof: Let           be generalized recurrent Kaehlerian 
Weyl space and         be its umbilical hypersurface, 

now differentiating (2.8), covariantly with respect to   we 

have 

 ̇        ̇       
 

   
  ̇         ̇         ,            

 (2.24) 
Using (2.15) and (2.18) in (2.24), we have 

 ̇                 (             )       (       

      )       (           )       (           )  

    (           )  
 

   
    (                 

                          )               

                                    .     (2.25) 

If    , then above equation reduces to  

   ̇               
 

   
[               ]            

     (             )                      

Above equation in view of (2.8) reduces to 

  ̇                       ,   (2.26) 

Therefore hyperspace is Projective generalized recurrent. 
Conversely, if (2.26) holds then (2.25) reduces to 

     (             )       (           )  

     (           )        (           )  
  

   
    (                    )                    

          , 

which reduces to    . 

 
3. RESULTS AND DISCUSSION 
The necessary and sufficient condition for an umbilical 
hypersurface of a generalized Kaehlerian Weyl space to be 
concircular generalized recurrent is that its mean curvature 
must be zero. This also turns out to be the necessary and 
sufficient condition for the umbilical hypersurface to be 
projective generalized recurrent. Hence, every umbilical 
hypersurface of a generalized Kaehlerian Weyl space is 
totally geodesic whenever its mean curvature is zero. 

 

4. CONCLUSION 
This paper derives the results pertaining to a specific class 
of quasiumbilical hypersurfaces where     is imposed. 
However, there is always a scope for the more general 
result hitting a superclass of umbilical hypersurfaces 
without this restriction on .  

 
5   REFERENCES 

[1]. E. Scholz,” Weyl Geometry in Late 20th Century 
Physics, Beyond Einstein”, Proceedings Mainz 
Conference, Bach V., Rowe D. (eds.). Einstein 
Studies. Basel: Birkhäuser, (2008). 

[2]. D. M.J. Calderbank & H. Pedersen, “Selfdual 
Spaces With Complex Structures”, Einstein- 



INTERNATIONAL JOURNAL OF SCIENTIFIC & TECHNOLOGY RESEARCH VOLUME 9, ISSUE 03, MARCH 2020                            ISSN 2277-8616 

 

430 

IJSTR©2020 

www.ijstr.org 

Weyl Geometry and Geodesics. Annales de 
l'institut Fourier, 50, 921-963, (2000). 

[3]. S. D. Tiwari, “Geometry of Quantum Theory: 
Weyl-Kaehler Space”, Proceedings of the 
International Conference on "Geometry, Analysis 
and Applications", Banaras Hindu University, 
World Scientific. 129-138, 2000. 

[4]. G. Zlatanov, “Nets in the n-dimensional space of 
Weyl”, C.R. Acad. Bulgare. Sci. 41, 29-32, 1988. 

[5]. B. Tsareva and G. Zlatanov, “On the geometry of 
the nets in the n-dimensional space of Weyl”, J. 
Geom. 18,182-197, 1990. 

[6]. Norden, “Affinely connected spaces”, GRMFL 
Moscow, 1976. 

[7]. V. Murgescu,” E spaces de Weyl generalized”, 
Rev. Rour. Math. Pure. et. Appl., XX, (2), 293, 
1970. 

[8]. L. Zeren Akgun, “On generalized Weyl Spaces”, 
Bul. Cal. Math. Soc., 91, (4), 267-278, 1999. 

[9]. U.P. Singh, and A.K Singh, “On Kaehlerian 
Conharmonic recurrent and Kaehlerian 
Conharmonic symmetric space”, Acc. Naz. Dei 
Lincei, Rend, 62(2), 173-179, 1977.  

[10]. L.P Eisenhart, “Riemannian Geometry”, 
Princeton. 149-150, 1949.  

[11]. U.C De, and N Guha, “On generalized recurrent 
manifolds”, National Academy of Math. India 9, 
1-4, 1991. 

[12]. Y.B Maralbhavi, and R. Rathamma, “Generalized 
Recurrent and Concircular Recurrent Manifolds”, 
Indian J. Pure Appl. Math., 30, 11, 1167-1171, 
1999. 

[13]. K.S Rawat, and G. Dobhal, “On the bi-recurrent 
Bochner curvature tensor”, Journal of the Tensor 
Society, 33-40, 2007. 

[14]. G. Dobhal, and A.R Gairola, “Generalized Bi-
recurrent Weyl spaces”, Int. Jour. Of Math. 
Archive, 2(12), 2503-2507, 2011. 

[15]. G. Dobhal, N. Uniyal, and V. Prasad. 
“Generalized recurrent Kaehlerian Weyl Spaces”, 
Int. Jour. of Emerging Trends in Engineering and 
Development, 4, 71-79, 2014. 

 


