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Multiple Connected Pendulum TMD (MCPTMD)
For Vibration Control of Structures
H. E. Abd-El- Mottaleb, T. A. Sakr
Abstract: This Tuned Mass Damper (TMD) is used to improve the structural safety and occupants comfort under wind and earthquake excitation.
Pendulum Tuned mass Damper (PTMD), which consists of a moving mass (mt) attached to the main structure using pendulum producing stiffness (k)
and viscous dampers (c), is a well-known device used frequently to minimize vibration in the structure. This paper proposes a new model of passive
control device, multiple connected pendulum tuned mass damper (MCPTMD), to mitigate the response of structures under various dynamic loads. The
MCPTMD consists of multiple pendulum tuned mass dampers connected together in series, which distribute the total mass to separated masses. A
numerical model for linear analysis of single degree of freedom system with MCPTMD is derived and verified. The response of the proposed system to
sinusoidal loads, which can simulate wind effect, is investigated through the effect of several parameters such as the pendulum length, the excitation
frequency ratio, damping, and mass ratio. The response of the structure to earthquakes is also investigated. The result demonstrated that, MCPTMDs
has reduced the response of structure to dynamic loads similar to single PTMD with additional merits. The reduction of the total pendulum length, which
overcomes the required huge length in case of flexible structures, the existence of more than optimum pendulum length, dividing the mass into smaller
pieces, and the interaction to more modes of vibration, are the most important among such merits.
Index Terms: Structures, Control, Pendulum, Tuned Mass Damper, Frequency response, nonlinear analysis, Earthquake.

————————————————————

1 INTRODUCTION
MANY document vibration control strategies have been
established for improving serviceability and safety of
engineering structures. A TMD, which consists of a mass
moving attached to the main structure such as machinery,
helicopters, bridges, buildings… through springs and dampers,
is a good device to reduce vibration, Sakr [1]. Many buildings
all over the world uses this system, such as the CN tower
(Torronto 1975) and Shanghai World Finance (Shanghai,
2008).The 660 ton TMD installed at top of Taipi tower (Taiwan
2004) shown in Fig.1 is considered as the most famous and
huge one, Carlot [2] & Dyke [3]. Different. The TMD system,
which has big mass used to be an effective solution with
purpose against the major earthquake forces that, can
damage the structure. The weight of the TMD mass is
important as it ultimately controls the vibration reduction
performance of TMDs which studied by Taniguchi et al. [4]. To
many research about the numerical applications, formulation
and the response of TMD controlled systems have been
carried out, Palazzo and Pettia [5]. The device is installed in
the structure not only to reduce the dynamic response, but to
mitigate the effect of torsion in coupled buildings as well,
Jangid and Datta [6] &Bakry [7]. In addition to the study of
Passive TMD, another technique for TMD applications were
investigated as the hybrid mass damper (HMD) system, driven
by FLC, Ahlawat and Ramaswamy [8]. 3-D RMTMD, which
relying on a proper three-dimensional guiding surface which
control the response of the supporting structure in two
mutually orthogonal horizontal directions has been also
investigated by Matta et al. [9].
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Mitigation of the earthquake response mitigation of the BI
buildings installed with a TMD at different floor levels studied
by Stanikzai [10]. Semi-active variable stiffness tuned mass
damper (SAIVS-TMD) Varadarajan and Nagarajaiah [11],
active tuned inerter damper (ATID) [Zhao et al. [12]]. In
addition, Bidirectional and Homogeneous Tuned Mass
Damper (BH-TMD) [Almazán et al. [13]] have been
theoretically formulated. In the cases where single TMD was
placed on the top, it was found to be more effective in
controlling the first mode of building structure under excitation
Viet and Nghi [14]. From that point of view, numerical studies
on the effectiveness of MTMD of the concept of Multi Tuned
Mass Damper (MTMD) carried out by Kundu [15]. The
research demonstrated that the effectiveness increases with
the increase of mass ratio and that the use of double TMD is
much more effective than single TMD of same mass ratio for
vibration mitigation under earthquake as well as sinusoidal
acceleration. When
the
external forces, such
as
earthquakes, act on a structural system, neither the
structural displacements nor the ground displacements,
are independent of each other Zuo and Nayfeh [16] & Li
and Qu [17]. Using structural control methods to suppress
structural loads of offshore wind turbines is an economical and
feasible solution. To show the response of structure
experimentally and numerically using a nonlinear tuned mass
damper (NTMD). Sun et al. [18] presented an AMTMD with an
adaptive frequency used in parallel with the NTMD. Lai et al.
[19] applied an optimal Energy dissipation control algorithm a
semi-active suspension-type tuned mass damper (SA-STMD)
to suppress excessive vibration by means of variable
pendulum length. The dynamic responses of the wind turbine
as well as the vibration mitigation effects of a single tuned
mass damper (STMD) and a multiple TMDs (MTMD) system
are examined by Xie et al. [20] & Sun et al. [18]. Elias et al.
[21] studied multi-mode wind of chimneys on flexible
foundation by using distributed (d-MTMDs). Wang et al. [22]
proposed passive negative stiffness devices in the flexiblysupported-viscous-damper systems. Matta [23] proposed
paradigm, in which energy dissipation comes from the
tangential friction arising along the pendulum surface out of an
optimal spatially variable friction coefficient pattern. Energy
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regenerative tunedmass damper (TMD) with dual functions
vibration control and Energy harvesting in high‐ rise building
studied by Shen et al. [24].

ISSN 2277-8616

connected to the structure. It can enhance the behavior of
building by using several small masses instead of the single
huge mass, which overcomes installation complications. A
numerical model for linear analysis of single degree of
freedom system with MCPTMD is derived using MTLAB. The
effect of several parameters such as the pendulum length, the
excitation frequency ratio, damping, and mass ratio on the
response of structure with MCPTMD to sinusoidal excitation,
which can simulate wind loads, is investigated. The response
of the MCPTMD equipped structure to earthquakes is also
investigated.

2 MATHEMATICAL MODEL OF MCPTMD-BUILDING
SYSTEM

Fig. 1. TMD in the Taipei 101 building in Taiwan
The effect of TMD on the energy dissipation in the structure
during the earthquake investigated by Wong and Chee [25].
Numerical simulations are used to obtain the energy
responses. Various forms of energy, corresponding to the
relevant responses, acting on the systems are determined.
Pendulum tuned mass damper is studied by Wang and Hung
[26], Fallahpasand et al. [27], Shu et al. [28] and Xiang et al.
[29]. Prototype fluid-based pendulum tuned mass damper was
consider by Christie et al. [30], Wang et al. [31]. Pendulumpounding tuned mass damper (PPTMD), to mitigate the
response of lightly damped structures under various
excitations represented by Wang et al. [32]. For an active
tuned inerter damper, Zhao et al. [12] & Di Matteo et al. [33]
&Shen et al. [34] proposed theoretically models. De Domenico
and Ricciardi [35] studied a dynamic layout in which the TMD
is installed below the isolation floor of base-isolated structures
in order to enhance the earthquake resilience and reduce the
displacement demand. Singla and Chatterjee [36] studied the
nonlinear dynamics of a spring-block system on which a light,
damped pendulum is mounted driven by a small and steady
torque. A systematic way of achieving the optimal pendulumtype tuned mass damper design with considerations of
uncertainties in earthquake inputs and the combined
component level damages was presented by Shu et al. [28].
An optimal Energy dissipation control algorithm is applied into
a semi-active suspension-type tuned mass damper (SASTMD) to suppress excessive vibrations by means of variable
pendulum length, Lai et al. [19]. Fu et al. [37] compare the
vibration control performance of particle dampers (PDs) and
tuned liquid dampers (TLDs) by using the up-to-date
substructure shake table testing (SSTT) method. The
effectiveness of TMD in controlling the seismic response of
structures and the influence of various ground motion
parameters on the seismic effectiveness of TMD have been
investigated by Murudi, and Mane [38]. Optimal design
method for the TMD by using genetic algorithm under random
excitation by Liu et al. [39]. In addition, Optimization of TMD
parameters and position has been attracting using different
optimization techniques [Pourzeynali et al. [40] &Hadi and
Arfiadi.[41] &Ahlawat and Ramaswamy [8] has been also
studied by Hadi and Arfiadi [41] and optimal design of nonconventional multiple tuned mass damper (NCMTMD) system
for coalscuttles in power plant has been studied by Li et
al.[42]. This paper proposed an innovated system of Multiple
connected Pendulum Tuned Mass Dampers (MCPTMD) for
vibration mitigation of structural systems. It contains number of
multiple pendulum-TMDs linked together in series and

The model of TMD- structure interaction model shown in figure
2. The structure modeled by a single degree of freedom
system, to which a dynamic periodic load is applied. TMD with
mass mt1 is attached with pendulum of length Lt1 to the floor.
Series of TMDs with masses mt2, mt3… mtn are then
connected to each other using pendulum with lengths Lt2,
Lt3… Ltn. As well known, the natural frequency (ωi) and the
stiffness of the mass-pendulum system (ki) are defined by
Equations 1, 2. The natural frequencies of TMDs are to be
distributed around the natural frequency of the structural
fundamental vibration mode.
ωi= (g/Lti)1/2

(1)

ki=mi×ωi2=mi ×g/Lti

(2)

Fig. 2. Structure- MCPTMD system model

3

EQUATION OF MOTION

The dynamic equation of motion of the building-MCPTMD
system modeled as shear building with lumped mass can be
expressed as:
Mẍ + Cẋ + Kx = F
(3)
where M, C, and K are the mass, damping, and stiffness
matrices of the building including the effect of TMDs defined
by
M = M +M
K = K +K

(4)
(5)

whereMs and Ks are the mass and stiffness of the structure
without TMDs. while MT and KT are that resulting from the
existence of TMDs.
The overall mass and stiffness matrices of the system are
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defined respectively as:
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whereμTi and LTi are the mass ratio and Pendulum Length of
Tuned Mass number i respectively.
=
(8)
While the mass of each TMD is defined as
equal to μ M
where Ms is the mass of the structure.
The damping matrix of the building including the TMD is
defined by the following equation
C = M+ K
(9)
where α1 and α2 are constants derived using the damping ratio
of the first two fundamental structural periods.
F in Eqn.3 taken as applied dynamic load vector. The wind
loads are modeled as sinusoidal load applied to the structure
using Eqn.10 and earthquake excitation is represented by
ground acceleration using Eqn.11.
F =

(10)

F =
ẍ
(11)
Newmark-Beta is taken to solve the structure equation of
motion. The results shown in this study as the nodal
displacement at each time step.
4
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4.1 Effect of Pendulum Length
The relation between pendulum length ratio and top
displacement amplification in case of MCPTMD including one,
two, three and four TMDs for different damping ratios is
demonstrated. Sinusoidal loads with the resonance frequency
ratio (rω=1) defined as the ratio of applied load frequency ω
and the natural fundamental period ωn0 of the original building
as:
rω=ω/ωn0
(12)
Figure 3 shows the relation between the maximum
displacement amplification factor (DAF) and the pendulum
length ratio. The maximum displacement amplification factor is
defined as the maximum displacement of the structure due to
sinusoidal load normalized to the displacement of the structure
due to static load with the same amplitude. The Pendulum
length ratio is the single pendulum length normalized to the
theoretical optimum length for single pendulum TMD ( g/(ωs0^2
). The total mass ratio defined as the sum of all TMDs masses
divided by the original structure mass (μt= (∑mTi )/Ms ) is taken
2.0% which is reported as effective in literature. The figure
indicates that, the displacement response of single degree of
freedom system decreased by using one or more MCPTMD.
The minimum amplification factor is observed at specific
optimum pendulum length that tune the pendulum frequency
to the structure frequency. In addition, The optimum pendulum
length decreases for more MCPTMDs such that it is reduced
from 1.04L for one PTMD to 0.39L, 0.206L and 0.126L in case
of 2, 3 and 4 PTMDs respectively to obtain the minimum
response. The minimum value of displacement amplification
factor (DAF) corresponding to the optimum pendulum length
almost the same for MCPTMD with different number of
masses. This constitutes a practical advantage of using the
number of MCPTMDs suitable for length limitations. The figure
illustrated that, one minimum value of DAF is observed for the
existence of single PTMD, the existence of more than one
PTMD produces more minimum values at different length
ratios, which equals the number of PTMDs. On the other hand,
by taking the damping ratio 2%, 5% and 8%, it can be
observed that, the maximum value of displacement
amplification factor decreased by increasing the damping ratio.
Also, for the same number of PTMDs, the difference between
successive minimums increases with increasing the damping
ratio such that for damping ratio 8%, approximately one peak
is distinguished.

PARAMETRIC STUDY

To demonstrate the effect of the existence of MCPTMD on
building response for single degree of freedom system, the
following parametric study is carried out. For each case of
study, sinusoidal loads with different excitations frequency
ratios are applied to the structure to simulate wind loads. The
research also investigates the response of the buildings under
earthquakes via the use of El-Centro N-S component as major
known earthquake.

(a)undamped system

(b) 2% Damping Ratio
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(c) 5% Damping Ratio
(d) 8% Damping Ratio
Fig. 3. Relation between pendulum length ratio and
displacement amplification factor for different MCPTMD for
different damping ratios.
4.2 Frequency Response of MCPTMD-Building System
Figure 4 plots the relation between the maximum
displacement amplification factors against the excitation
frequency ratio (r) in case of optimum length of pendulum
under sinusoidal loadings for different number of TMDs. The
frequency ratio is defined as the ratio between the excitation
frequency and the natural frequency of the original building
that leads to resonance. The relation is plotted for different
cases of damping and the total mass ratio μt is set to 2% for all
cases as a guide value. The figure demonstrates that, the
displacement amplification ratio of the original building varies
with (r) such that the only one peak with extremely high
resonance response is located at r =1 and as this ratio moved
away from unity, the displacement amplification factor
response tends to decrease. By adding one or more number
of MCPTMD, two peaks are observed shifted from the original
resonance frequency ratio. These peaks are less than the
peak in case of the original building without TMDs. The peak
value of the displacement on the right side (r >1) is more than
the peak value of it on the left side (r <1). It can be observed,
that the mechanism of controlling the vibration by MCPTMD's
with the optimum frequency range is to widen appropriately
the effective frequency region and to flatten the structural
response curve in that region. Wang et al. [22]. In case of
damped systems, the value of displacement amplification ratio
decreases with increasing the damping. Furthermore, the
difference between the two peaks value of the displacement
amplification factor is decreased with increasing the damping
ratio. On the contrary, the secondary peaks may vanish if the
damping ratio is large enough.Moreover, the maximum
response of the structure occurs at the primary peak at the
resonance frequency of the structure, which is clear from the
case of 8% damping ratio. In addition, if damping ratio is
smaller than the optimal value, the right part of the frequency
response curve is heightened while the left part is lowered.
The behavior is conversed by increasing the damping ratio
Viet and Nghi [14].

(a) undamped system
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(b) damping ratio 2%

(c) damping ratio 5%
(d) damping ratio 8%
Fig. 4. Relation between Excitation Frequency Ratio and
displacement amplification ratio for different number of TMD
for different damping ratios.
The effect of both pendulum length and the excitation
frequency ratio are investigated in Figure 5 for the system with
single, two, three and four MCPTMDs for the undamped
system. The value of the maximum response amplification
factor is plotted as 3D contours against the pendulum length
and the excitation frequency ratio. As obvious from the figure,
the optimum length of pendulum, which produce minimum
response to the resonance excitation frequency, varies for
different cases. While one optimum length produces the
minimum value of response in case of single PTMD, more
PTMDs produces more values of optimum lengths producing
different minimum values of response. The figures also certify
the high response of all systems around the resonance
frequency (r=1) and the less effect of excitation relatively far
from that range.

One- TMD

Two- TMD

Three- TMD

Four- TMD
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Fig. 5. Relation between Excitation Frequency Ratio,
Pendulum Length and displacement amplification ratio for
different number of TMD, in case of no damping.
4.3Effect of Mass Ratio
The effect of the TMD mass ratio μT in the response of
displacement amplification ratio MCPTMD-building systems
with is shown in Figure 6 for different damping ratios. The
figure shows the relation between TMD mass ratio and
displacement amplification ratio under Sinusoidal dynamic
load with r=1. In case of no damping, 2, 5 and 8% damping
ratio with optimum length of pendulum for each number of
TMD. The value of the total mass ratio μT (sum of masses of
all TMDs) is changed from 0 to 0.4% of the mass of the
structure. The figure demonstrates that, larger mass ratios
lead to smaller displacement amplification ratio. The rate of
change become smaller as the mass ratio increases which
indicates that for the structures with small mass ratios, it is
effective to improve the vibration of the structure efficiency by
increasing the mass ratio. The optimum mass ration of TMDs
can be governed by other practical consideration as the mass
of the original structure and the capability of the structure to
sustain the additional loads. For the case of no damping, the
change in displacement amplification ratio is observed by
change the number TMD in case of small mass ratio of with
the most optimized case is that of four the best case when the
number of TMDs is equal to four. However, by increasing of
the mass ratio, identical enhancement of displacement can be
observed for all numbers of TMDs. The case of damped
systems indicates different behavior in this manner such that
identical response is observed for small mass ration while the
case of one TMD is better for higher mass ratios.

(a) undamped system

(b) damping ratio 2%
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5 EARTHQUAKE RESPONSE OF BUILDINGMCPTMD SYSTEM
While vibration of the structure caused by dynamic excitations,
Traditional analysis and design alone do not ensure that the
structure will respond dynamically. TMDs are attached to a
vibrating main structure to provide a frequency that increases
the damping in the structure. The main advantages of TMD
are essentially stable and certain to work even during major
earthquakes. In addition, TMD is good to dissipate the amount
of vibration energy of main structure without requiring any
connection to ground. Therefore, in this paper the earthquake
record, namely, the El Centro as shown in Figure 7 was used
to numerically the control performance of different number of
PTMD under seismic effects. Figure 8 shows the time history
of top displacement of the SDOF-MCPTMD building to ElCentro earthquake. The plot shows the top displacement
versus time one, two, three, and four TMDs in case of no
damping. The mass ratio μt is taken as 2% for all cases as a
guide value. It can be clearly observed from the plot that, the
displacement response of the building is significantly
enhanced with the existence of TMDs. At the first two second
of the earthquake, the response in all cases of the study is the
same. After that, the rate of enhancement begins sharp at low
values of the time from 2-15 sec. The response of the top
displacement in case of original structure increased by 46%
from the structure with TMD. In the range of 15 to 20 sec of
the earthquake, the response is the same in all cases. After
that time, the effect of TMD appeared and controlled the
response by decreasing the top displacement by as much as
43% as shown in this figure. This means that, MCPTMDs can
control the structural displacement response. Similar response
can be observed from Figure 9 for the time history of the top
displacement in case of different damping ratio (1, 2, 5 and
8%) in case of change the number of TMD from no to four.
This figure indicates that, the difference of response due to the
existence of TMDs decreases with increasing the damping
ratio. This can be attributed to the reduced response in case of
high damping for which TMDs has little input to the system. It
is also noted from the figure that the case of three and four
TMDs lead to the same minimum displacement that is
moreoptimized than the case of one TMDs.

(c) damping ratio 5%
(d) damping ratio 8%
Fig. 6. Relation between Tuned mass ration and
displacement amplification ratio for different number of TMD
for different damping ratios.

Fig. 7. El-Centro earthquake record.
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4.

5.
Fig. 8 Time history of the top displacement for different
number of TMD in case of no damping

6.
7.
(a) damping ratio 1%

(b) damping ratio 2%

ISSN 2277-8616

existence of single PTMD, the existence of more than
one PTMD produces more minimum values at different
length ratios, which equals the number of PTMDs.
By increasing the damping ratio, the minimum DAF
decreases for all cases of MCPTMD. For the same
number of PTMDs, the difference between successive
minimums increases with increasing the damping ratio
The response to sinusoidal loads produces one peak at
resonance (r =1) for the case of uncontrolled structure.
By adding one or more PTMDs, two peaks are
observed shifted from the original resonance frequency
ratio. Increasing the damping ratio leads to the
decrease of DAF, two closer peaks with more
difference in their peak values such that for relatively
high damping, the secondary peak with the lower
frequency ratio may vanish
Larger mass ratios lead to smaller displacement
amplification ratio DAF and the rate of reduction of the
DAF decreased with increasing μT.
Under earthquake, the displacement response of the
building is significantly enhanced with the existence of
TMDs. The difference between uncontrolled and
controlled cases is significant through the time history.
This difference decreases with increasing the damping
ratio as the response of both controlled and
uncontrolled structures is enhanced.

DECLARATION OF CONFLICT OF INTERESTS
The authors have declared no conflict of interests.

(c) damping ratio 5%
(d) damping ratio 8%
Fig. 9. Time history of the top displacement due to
earthquake for different damping ratios for different
number of TMD.
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6 CONCLUSION
As a result of their characteristic flexibilities, high-rise
buildings, long span bridges, slender and tall towers are prone
to experience significant vibrations under dynamic loading
such as strong winds and earthquakes. TMD changes the
vibration characteristics of the main structure and dissipates
energy under dynamic loading. A proposed system of Multiple
Connected Pendulum TMD (MCPTMD) is investigated in the
study that consists of multiple masses connected to each
other and connected to the structure by pendulum. The study
concluded the following about the behavior of the proposed
system subjected to wind and earthquake vibrations:
1. Using one or more MCPTMD reduces the displacement
response of single degree of freedom system. The
minimum amplification factor is observed at specific
optimum pendulum length which tune the pendulum
frequency to the structure frequency
2. The optimum pendulum length is observed to decrease
for more MCPTMDs such that it is reduced from 1.04L
for one PTMD to 0.39L, 0.206L and 0.126L in case of 2,
3 and 4 PTMDs respectively. The minimum value of
displacement amplification factor (DAF) corresponding
to the optimum pendulum length is almost the same for
MCPTMD with different number of masses. This
constitutes a practical advantage of using the number
of MCPTMDs suitable for length limitations.
3. While one minimum value of DAF is observed for the
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