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Periodic Boundary Condition For Von Neumann
CA With Radius-N

M. Rajasekar, R. Anbu

Abstract: Cellular Automata have rich computational properties and provide many models in mathematical and physical processes. In this paper, one of
the most commonly used neighborhood type of two-dimensional (2D) Cellular Automata which is called the Von Neumann neighborhood in two
dimensional integer lattice is considered. We study the characterization of two dimensional linear Cellular Automata defined by the Von Neumann with
neighborhood radius-N of periodic boundary conditions over the field Z;. Transition rule matrix for periodic boundary condition for Von Neumann cellular

automata with radius-N is studied.

Index Terms: Two-dimensional Cellular automata, Von-Neumann neighborhood, Ternary field, Transition rule matrix, Matrix algebra, Null boundary

condition, Structure of periodic condition.

1 INTRODUCTION

CELLULAR automata are discrete dynamical systems that

exhibit a variety of dynamical behaviors, although they are

formed by simple basic components. Cellular automata or
shortly (CA) were first used for modeling various physical,

Biological process and on computer science. The concept

of cellular automata was initiating the early 1950's by John

Von Neumann and Stanislaw Ulam. John Von Neumann [9]

showed that a cellular automaton (CA) can be universal.

Cellular Automata are also called Cellular Space,

Tessellation Automata, Homogeneous structures, Cellular

structure, Tessellation structures and lIterative arrays [10].

The study of CA has received remarkable attention in the

last few years [1], [ 3], [4] because CA have been widely

investigated in many disciplines (For Example Mathematics,
physics, computer science, chemistry, etc.) with different
purposes (For Example simulation of natural phenomena,
pseudo-random number generation, image processing,
analysis of universal model of computations, cryptography).

Most of the work for CAs is done for one-dimensional (1-D)

case. Recently, two dimensional (2-D) CAs have attracted

much of the interest. Some basic and precise mathematical
models using matrix algebra built on field with two elements

Z, were reported for characterizing the behavior of two

dimensional nearest neighborhood linear cellular automata

with null or periodic boundary conditions [3], [4], [6], [7]. A

cellular automata is a model of a system of "cell" objects

with the following characteristics.

* The cell live on a grid.

* Each cell has a state. The number of state possibilities
is typically finite. The simplest example has the two
possibilities of 1 and 0 (otherwise referred to as "ON"
and "OFF" (or) "alive" and "dead"). A cellular automata
is a model of a system of "cell" objects with the
following characteristics.

* The cell live on a grid.
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* Each cell has a state. The number of state possibilities
is typically finite. The simplest example has the two
possibilities of 1 and 0 (otherwise referred to as "ON"
and "OFF" (or) "alive" and "dead").

* Each cell has a neighborhood. This can be defined in
any number of ways,

In a cellular automaton all cells typically begin in state O,
except for a finite number that are in other states. The
nonzero patterns that occur while a cellular automaton is
running are called 'configurations'. At each tick of the clock,
many of the cells enter a new state and a new configuration
develops. It is natural to refer to the sequence of
configurations that develop as 'generations'. The 2D finite
cellular automata consists of (m x n) cells arranged. Where
each cell takes one of the values of the field Z; . The
relative positions of the cells is called neighbor of the cell
given center cell. The state of these neighbors are used to
compute the new state of the center cell.

(a) (b)

Fig. 1. (a) Von Neumann Neighborhood (b) Moore Neighborhood

Two type of neighborhood cells in Fig.1. (a) Von Neumann
Neighborhood (top, right, bottom and left) (b) Moore
Neighborhood (All the nearest surrounding the center cell)
The paper is organized as follows. In the 2nd section, the
concept used in the paper are formally defined. In 3rd
section, the algebraic structure of periodic boundary
condition of the 2D cellular automata is obtained by using
geometric structure of 2D cellular automata. In 4th section,
We deal with 2D cellular automata define by a local rule
ternary field Z; and we obtain the rule matrix of the Von
Neumann with neighborhood radius-N for periodic boundary
case.
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2 PRELIMINARIES

2.1 Definition [7] A periodic Boundary CA is the one in
which the extreme cells are adjacent to each other.

2.2 Definition [7] A Null Boundary CA is the one in which
the extreme cells are connected to logic zero state.

2.3Definition [11] Each state of a CA is called a
configuration. In particular, each configuration of a (2-D)
CA(m x n) is a binary information matrix of dimension
(mxn).

2.4 Definition [2]

Cellular Automata: Cellular automata are formally defined
as quadruplets
A={d, SN, f}

*d € Z, is the dimension of the cellular space, then each
point 71 € Z4 is called a cell
*S8={0,1,2,...,p-1}represents the finite state set and
the state of any cell at any time must be taken from S.

*n,, n,, N,.., N, is the neighbor vector, where

n, € Z%and n; # n, when

i #j(i,j=1,2,..,m). Thus, the neighbors of the cell n;
arethemcells, 1=1,2,...,m.
* f:S™ > S is the local rule, which maps the current states
of all neighbors of a cell to the next state of this cell.
A configuration is a mapping C:Z% - S which assigns each
cell a state. Make Ctdenote the configuration at time t, then
the state of cell 71 at time is C* () and its state at time (t+1)
goes like this.

CHI@) = f(C* (M) ,C* (1) , - - - .CE(Mm) )

now we consider the case in which the local rule f is a linear
function

CHI@) = f(CE () +Ct (M) + ... +C () )

= [4,CF()) +2,C5(;) + . . . +A5,CF ()] (Mo S)

Where A, € S is the rule co-efficient for neighbor
n,i=1.2,..,m

In this paper, we deal with CA defined by Von Neumann
rules under periodic boundary condition (PBC). For
convenience of analysis, the state of each cell is an
element of a finite or an infinite state set. Moreover, the

state of the cell (i, j) at time t is denoted by X((fi)

The state of the cell (i, j) at time (t+1) is denoted by
¥ — p®
((3)) @n:
In [5], they consider the information matrix
(® ®
X . X
c® = oo
®) ®)
Xot oo X

The matrix Ct is called the configuration of the 2D finite CA
at time t. We associate Von Neumann neighbors
presentations with row vectors by transforming them from

t t t t t
Ctto (KXlpamn) = X9, x9, . x0  x9, ., x9H.
Where Xl(? € Z3. Hence, we consider the transition matrix
T that changes set of states of cellular automata from (t) to

(t+1) such that [X];xmn- (Tr)mnxmn = [Y Imnx1,

ISSN 2277-8616

Where,
t+1 t+1 t+1 t+1 t+1
([Y]mnxl) = (X]Fl(t) )’ )((t]gz )l "'(;)X]Fn )’(-t-)- ’X‘r(nl ()t;)--- ’XT(an ) .
S AT AR AL A BN AR}

3 2D CELLULAR AUTOMATA OVER THE

FIELD Z,

In [8], the 2D finite CA consists of mx n cells arranged in m
rows and n columns, where each cell takes one of the
values of the field Z; . From now on, we denote 2D finite
CA order to (m xn) by 2DCAgnxn). A configuration of the
system is an assignment of the states to all cells. Every
configuration determines a next configuration via a linear
transition rule that is local in the sense that the state of a
cell at time (t+1) depends only on the states of some of its
neighbor at the time 't using modulo 3 algebra. For 2D CA
nearest neighbors, there are (mn) cells arranged in a (m x
n) matrix centering that particular cell.

3.1 Von Neumann with neighborhood radius-n
The John Von Neumann with neighborhood radius-N which
comprises 4N cell surrounding the center cell X; ;, on a 2D

square lattice. The state X(;,,” is a function f:z{"*" -
Z4 defined as follows.

X+Ngi

X-n

Fig. 2. Elements of Periodic boundar for Von Neumann neighborhood
surround the center X of CA

Fig . 2, shows the John Von Neumann with neighborhood
with radius-N which comprises (4N) square cell surrounding
the center cell X; ;. The boundary cell adjacent to each

other. The state X((if;f)l) function

£ 28N 5 7, as follows.

t+1
XEH = F X oy Xaery Xa -0 Xaorp Xa o2y

X2, X j-2y Xi-2)r = K@, jan-1 Xi4n-1,)
X (@ j-v-1) Xi-v-1.0 X@j+ny Xien )
Xi,j-n Xi-n.p)
= (alx(i,j+1) + b1X(i+1,j) + C1X(i,j—1) + dlx(i—l,j) +t
ayX(jen) T bNX(H-N,j) +
CNX(i,j—N) + dNX(i—N,j)) (mod 3)

Where, X(;j+1) € Zzand a;, b; , ¢; , d; € Z3 = Z3/{0} for
i=1,2,3,...,N
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4 TRANSITION RULE MATRIX OF THE VON
NEUMANN NEIGHBORHOOD WITH RADIUS-N
FOR PERIODIC BOUNDARY CONDITION

We obtain the rule matrix of 2D finite CA with Von
Neumann neighborhood radius-N rule over the field Z,
under the periodic boundary condition. This rule matrix
which takes the t** finite configuration matrix Ct of order m
x nto the (¢t + 1) state of ¢V,

Xmn| Xmt Xm2 Xm3 Xma Xms Xme Xmn| Xmi

Xl X, X2 Xiz Xis Xis Xie o Xin | X1
- X X 2, X
- Xar X3, X
- Xan| Xa1 Xaz Xag Xaa Xas Xae e Xan | X
« Xsn Xsy Xs2 Xsa Xoa Xss Xse Xon Xa1
« Xmn| X X2z X8 Xma Xms Xme o Xonn| Xm1 -
Xin A Xz Xz X Xis Xie Xin Xn
Fig. 3. Periodic Condition of m x n matric

4.1 Transition rule matrix for periodic boundary
condition

Theorem 1. Let a;, b; , ¢; , d; € Z5 = Z3/{0}, (fori =1, 2,
3,..., N)m=(2r+1)and n 2 (2r + 1) . Then the rule matrix
Tz Which takes the tt* finite Von Neumann neighborhood
2D finite Cellular automata configuration C® of order (m
x n) to the (¢t + 1)t state C**Y is given by

T,
" A dyl dyl dyl...dyl ... 0 byl ... byl byl byl
byl A dyI dyl dsl...dyl O... 0 byl... byl byl
bl byl A dyI dyl dyl...dyl O... 0 byl ... byl
byl byl byl A dyl dyl dsl...dyl 0...0 byl ...
<. bsl byl byl A dyI dyl dsl...dyl O... 0 byl
byl ... byl byl byl A dyl dyl dsl...dyl 0...0
0 byl ... byl byl byl A dyl dyl dsl...dyl O...
...0 byl ... byl byl byl A dyl dyl dsl...dyl O
0...0 byl... bsI byl byl A dyI dyl dsl...dyl
dyl 0 ...0 byl... bs] byl byl A d,I d,I dsl ...
wedyl 0 ...0 byl ... byl byl byl A dyI dyl dsl
dsl ... dyI 0 ...0 byl ... bl byl byl A dyl dyl
dyl dsl ...dyl0 ...0 byl... byl byl byl A dyl
dyd dyl dsl ... dyl O ...0 byl ... byl byl byl A

mnxmn

Where each sub matrix is of order n x n and 0 is zero
matrix of order (n x n)
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0 cicycz... cyoqcy0... Oayay_q... aza, ag
a,;0 ¢cicycs... cy_qcy 0... Oay ay_q-.- aza,
a,a,0cycyc53... cy_1ey0... 0 ayay_q... a3
asa, a; 0c;cyc5... cy_1cy0... Oay ay_q-.-
as;a, a; 0cicyc3... cy_q1cy 0... 0 ay ay_q
ay_1 Q3 050, 0 ¢y C5... cy_16y0... 0 ay
ay Ay_q1 Q305 Ay 0 ¢c;c5C3... cy_q1cy0... 0
0 ay ay_q -aszaya,; 0 cicycs... cy_16y0 ...
.0 ay ay_q1 ...aza,a; 0 cycy c3... cy_q1 cy0
0..0 ay ay_1 ...aza,a, 0 c;Cc5C3... Cy_1Cy
cy0 ...0 ay ay_q a3 a,a; 0 ¢; CC5... Cy_q
cy-1¢y0 ...0ay ay_q ... aza, a; 0 ccyC5. ..
. Ccy_1¢cy0 .0 ay ay_q ..-aza; a; 0 ¢q cc5
€3 ... Cy_16y0 .0 ay ay_; ...azaza; 0 c;c,
CyC3 ... Cy—1Cy0 .0 ay ay_q -..a3a,a, 0 ¢
€1C3C3... Cy_1cy0 .0 ay ay_q .. aza,a; 0

where,
| is an identity matrix.

Proof.

Let TeXj = Yaj- Yaj =Xip is a equal to the linear
combination ofthe (4N) neighbors in the following
equations. The co-efficient ofX; , =0 ifi <0or j <0 . By
using the local rule of the cellular automata we have
obtainthe following,

X((ﬁ)l) =YV (e Xrin) + 2o (b Xirern) +
erv=1(CrX(1,n—(r—1))) + erv=1(er(m—(r—1),1))

X((;;)l) = 21 (@r X ra2) + 2rea(brXri12)) + 1 X0y +
erv=2(CrX(1,n—(r—2))) + erv=1(er(m—(r—1),2))

X((;;)l) = Irvzl(arX(1,r+3)) + ZIrV:1(brX(r+1,3)) +aXa +
2 X1y + 2r=3(er X in-r-3y)) +
2re1(dr X m—g-1)3))

X((IJS) = Z?Iy:1(arX(1,r)) + erv=1(bTX(T+1,n)) +
Zi‘v=1(ch(1,n—r)) + erv=1(er(m—(r—1),n))

X((ztj)l) = y:l(arX(Z,r+1)) + Zﬁ“v=1(brX(r+2,1)) +
erv=1(CrX(z,n—(r—1))) + le(1,1) +
Zﬁ“v=2(er(m—(r—2),1))

XG5 = TN (@, X i) + Za(brXaa2) + i Xan +
erv=2(CrX(2,n—(r—1))) + d1X(1,2) +
Z’rvzz(drx(m—(r—Z)VZ))

XG) = N (@, X raa) + IMa (B X a2y + C Xz +
Xy + ZIrV:3(CTX(2,n—(T—3))) +diXa3 +

Zy:z(er(m—(r—Z)s))

X((Zt:l;) = Zvlyzl(arx(z,r)) + Zy=1(brX(r+2,n)) +
25:1(CrX(2,n—r)) + d1X(1,n) + Z;IY:z(er(m—(r—z),n))
X((S)l) =Y (@ Xarem) + 201 (b XGrasny) +
25:1(6‘1‘)((3,71—(1*—1))) + d1X(2,1) +
dX(10) + erv=3(er(m—(r—3),1))
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t+1
X((3,2)) = Zy:l(arx(a,wz)) + ervzl(brx(rﬁ,z)) +c X5 +
2rea(Cr Xan-r—2y) + diX 2 + X 0 +
25:3(drx(m—(r—3),2))

ISSN 2277-8616

Similarly,
| is an identity matrix.

5 CONCLUSION

X((:g;)l) = Irv=1(aTX(3.T+3>) + ZITV=1(brX(T+3'3)) taXe + In this paper, 2D cellular automata of Von Neumann with
X1 +Z1IY:3(CrX(3,n—(r—3))) +di X3 + neighborhood radius-N are studied over the field Z;. The
dyXw3) + T o (dr X gmer—3)3) rule matrix of the transition Tymatrix of 2D cellular automata

' = ’ is computed.
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A dyl dyl dsl dy] O by bsl byl byl
bl A dyl dyl dsl d, O by byl byl
b, byl A dyl d,] dsl dy O byl byl
byl byl byl A dyl d,] dsl d,] 0 b,l
by bsl byl byl A dyl dyl dsl dyl 0
0 byl byl byl byl A dyl d,] dsl d,l
dyd 0 byl byl byl byl Adyl dyl dsl
dsl dyd 0 b, byl byl byl A dyl d,l
dyl dsl dy] O by byl byl byl A dyl
dyl dyl dsl dy 0 byl byl b,] byl A

o
I

0 c¢ciecy 3 ¢40 a, az a, a4
a; 0 ¢g ¢ ¢35 ¢, 0 a, a; a,
a, a; 0 ¢ ¢; ¢c3 ¢4 0 a, ag
a; a, a; 0 ¢; ¢, ¢35 ¢4 0 a,
a, az a; a; 0 ¢ ¢; ¢c3 ¢, O
0 a, a3 a, a1 0 ¢; ¢, ¢35 ¢4
c, 0 a, a3 a, a4 0 ¢ ¢, c3
¢z ¢, 0 a, az a, a4 0 ¢ ¢,
c; €3 ¢, 0 a, a3 a, a; 0 ¢
¢ ¢ ¢3 ¢4 0 a, a3 a; a; 0

If we take m = 10 and n = 9, then we get rule matrix Ty of
2D finite CA with Von Neumann with neighborhood radius 4
rule over the field Z; be as follows:

where a,, a,, as, a,, ¢;, ¢;,¢c3and ¢, € {1,2}
.dql,d,l1,dsl,d,l, b1, b,1, b1 and byl are the sub matrices of
order (9 x 9), 0 is the zero matrices
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