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The ―Determinant Of The Jacobian Matrix‖ As A
Purely Determining Factor Of A Vegetation Pattern
Formation Under Turing Instability
Peter K. Nyarko, Daniel E. Bentil, Isaac K. Dontwi, Samuel Y. Mensah, Christiana C. Nyarko
Abstract: The mechanism for growth, spread and vegetation pattern formation is largely unknown and poorly understood. To improve understanding of
this mechanism, a mathematical model consisting of two nonlinear partial differential equations for soil water balance (N) and plant biomass density
variable (P) to investigate the dynamics of forest growth and vegetation pattern formation was developed. The methods used include Michaelis-Menten
Kinetics for the rate of nutrients uptake by a cell or organism for growth and Continuous-Time Markov (CTM) method as a standardized methodology
that describes plant metabolism responses to multiple resource inputs. This CTM technique was used to obtain a simple plant growth component by
synthesizing the four resources (light, water and nutrients together with temperature). To linearize the nonlinear model formulated in order to explain the
dynamics of the growth, spread and vegetation pattern formation of the forest, the Taylor Series Expansion method was applied. The linear stability
analysis of homogeneous steady-state solutions provided a reliable predictor of the onset and nature of pattern formation in the reaction-diffusion
systems. The results revealed that, stability conditions needed for pattern formation is possible provided that aN0 aN0  m  0, as a  0 .
Thus, the homogeneous plant equilibrium decreases with decreasing rainfall until plant become extinct. Based on this condition, the trace and
determinant criteria for stability were obtained as  m  u and
respectively. Again, as
0 increases or decreases, aN 0 aN 0  m also
increases or decreases respectively irrespective of the values of the other parameters. This suggests that
0 which is a surrogate for a dimensionless
infiltration capacity prohibits pattern formation at high levels. Hence, one may therefore not expect vegetation patterns to exist in situations of high fertility
level and rich water condition. However, this is not the case.
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1. INTRODUCTION
Forests are long-lived dynamic biological systems that are
continuously changing. The study of forest dynamics which is
concerned with the changes in forest structure and
composition over time, including its behaviour in response to
anthropogenic and natural destructions is therefore crucial.
Tree growth and forest destruction are primary evidence of
forest dynamics. They are determined by resources (such as
radiation, water, nutrients supply) and environmental
conditions (such as temperature, soil acidity, air pollution and
human activities). It is therefore often necessary to project
these changes in order to obtain relevant information for sound
decision making. Forest stand consists of trees with different
diameters and heights which depend on a lot of unsearchable
genetic and environmental factors. Its dynamics is affected by
many processes and varies among stands (Temesgen and
Gadow, [1]). Over the years, an extensive amount of research
has been conducted by several researchers in various parts of
the world. A lot of literature on the dynamics of vegetation
indicates that occurrence of vegetation pattern formation is a
common feature in arid and semiarid regions throughout the

world and covers nearly 30% of the earth’s land surface.
These include Africa (Deblauwe et al., ; Müller, [2], [3]),
Australia (Berg and Dunkerley; Moreno-delas Heras et al., [4],
[5]), North America (Pelletier et al.; Penny et al., [6], [7]), the
Middle East (Buis et al.; Sheffer et al., [8], [9]) and Asia
(Yizhaq et al., [10]). Similarly, a large number of hypothesis
have also been suggested about the origin of its formation, yet
no consensus have been reached. Most authors attributed the
underlying cause of vegetation pattern formation to
competition for water and positive feedback between
vegetation and water availability.
Some of the researchers in this field include Bel et al., [11].
They investigated the formation and spread of isolated regions
of patterned vegetation within an unvegetated background
state, on flat terrain in semi-arid environment. Deblauwe et al.,
[2] and Dralle et al., [12], in their studies asserted that, slope
can have a major effect on processes governed by water
redistribution, to the downhill flow of water both on the surface
and within the soil. Kellner and Bosch [13], suggested that
vegetation patterns in semi-arid grassland were created
through selective grazing by herbivores. Thiery et al. [14],
demonstrated that patterns such as those in tiger bush can be
generated if plants are positively affected by lateral and
downslope plants, but negatively affected by upslope plants.
Jeltsch et al. [15], related vegetation patterns to the interplay
of factors such as competition, colonization and changes in
the vegetation caused by fire and grazing. Similarly, Bromley
et al. [16], suggested that vegetation mosaics develop out of a
complete cover of vegetation through the creation of patches
by termites, grazing or fire. Lefever and Lejeune [17], found
vegetation mosaics resulting from the ―interplay between
short-range cooperative interactions controlling plants
reproduction and long-range self-inhibitory interactions
originating from plant competition for environmental resources.
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In recent times, almost all vegetation modelling studies have
been redirected to pattern formation. It is assumed that pattern
formation, is from a starting point of uniform vegetation, as a
response to a decrease in mean annual rainfall and human
activities. Many authors have additionally investigated the
subsequent transitions between different patterned states
when environmental conditions such as rainfall are varied
(Meron; Gowda et al., [18], [19]). Studies on the vegetation is
now concentrated on pattern formation. They are examples of
ecosystem-scale and self-organization. In addition to this, they
are very important and serve as a potential early warning
signals of climate change and imminent regime shifts (Rietkerk
et al., Kéfi et al.,; Corrado et al.,[20], [21], [22]). Therefore,
they have been the subject of intensive study over the last
decade.

Soil water movement, from one point in time to another is
given by the diffusion term indicated by (4)

 2 N 2 N 
Soil Water Movement  DN 

 (4)
2
Y 2 
 X
When the expression on the right-hand side of (1), (2), (3) and
(4) are substituted for factors that control soil water dynamics,
the soil water dynamics of the model in this paper is
represented as (5)

N
T
Rate of change of soil water

 P  s2 N 0 
 A
  MN
and
 P  s2  Evaporation
drainage
Infiltration into the soil
from surface water

 N 
 N  N 
 J 
 P  DN  2  2 
Y 
 X
 N  s1 
Soil water loss by plants uptake

Infiltration Rate from
P( x, y, t )  s2 N 0
rainfall = A 
P( x, y, t )  s2

(1)

According to Rietkerk et al., [23]), soil water loss as a result of
plant uptake is assumed to be a saturation function of soil
water. Soil water loss by plant uptake is therefore given by (2).

Soil Water Loss by plant
N ( x, y , t )
uptake = J 
 P ( x, y , t )
N ( x, y, t )  s1
where

J

(2)

is yield of plant density per unit of soil water

consumed and s1 is a half-saturation constant. Soil water may
be lost (decrease) through evaporation and drainage and be
defined as in (3)

Loss of soil water through
Evaporation and Drainage = M  N

(3)

(5)
2

2 MODEL DESCRIPTION
This paper describes the dynamics of two state variables in
time as well as in space: soil water dynamics and plant
biomass density. The soil water dynamics is controlled by
infiltration into the soil from rainfall, what may be taken up by
plants growing at a particular position and time, the reduction
that may be experienced due to evaporation and drainage and
soil water flow to other parts. The plant biomass dynamics is
controlled by soil water uptake by plants leading to plant
growth, plant loss as a result of density-independent mortality
and maintenance, and plant dispersal. Soil Water
DynamicsSoil water at a particular position and time would
involve infiltration into the soil from rainfall, what may be taken
up by plants growing at that particular position and time, the
reduction that may be experienced due to evaporation and
drainage, and flow to other parts. The soil water dynamics is
therefore controlled by infiltration into the soil from rainfall, loss
due to evaporation and drainage, loss due to water uptake by
plants, and movement due to spatial components.The
infiltration rate at a particular position and time is given by the
amount of rainfall, plant density and soil characteristics. This is
a saturation function of biomass density given by (1).
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2

Soil water movement

Plant Biomass Dynamics The plant biomass dynamics of the
model of this paper compares with Biomass equation in
Klausmeier’s model but with slight modification. The
modification to the Klausmeier [24] model in relation to plant
biomass dynamics is the plant growth function  which was
introduced as an improvement factor from environmental
modulation. The plant biomass dynamics of this paper is
therefore controlled by the combination of soil water uptake by
plants and plant growth function  leading to plant growth,
plant loss as a result of density-independent mortality and
maintenance, and plant dispersal. This is represented by (6).

P
  Plant Growth 
T
  Plant Loss    Plant Dispersal 

(6)

It is assumed that plant growth increases linearly with soil
water uptake. This is at its maximum when the availability of
soil water permits maximum specific soil water uptake (De Wit,
[25]). The plant growth function by Li et al., [26] was
introduced into the growth component of the plant biomass
dynamics as  . This is to determine the dynamics of the
model at different levels of  . The plant growth at a particular
position and time is therefore represented by (7)

Plant Growth at a Particular Point
 N 
and Time     J   
P
 N  s1 

(7)

where J is the specific plant growth with  modelled as in Li
et al., [26] growth model for comprehensive analysis. Plant
population (biomass) density may be lost (decrease) through
natural mortality (U ) and be defined as in (8)

Plant Loss at a Particular
Point and Time = U  P

(8)

Plant movement, either through seed dispersal or any other
form is given by the diffusion term indicated by (9)

 2 P 2 P 
Plant Dispersal  DP 


2
Y 2 
 X

(9)
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When (7), (8) and (9) are substituted for plant growth, plant
loss and plant dispersal respectively in the plant population
dynamics relation given by (6), leads to (10).

 N 
  J   
P
 N  s1 

P
T
Rate of change of plant density



Soil water uptake by plants/growth

UP
Plant loss as a result
of mortality



s1

 P  P
 DP 
 2
2
Y 
 X
2

multi-environment external force action
Half-saturation constant of specific plant
growth and water uptake
Rate at which infiltration increases with
specific plant density
Minimum water infiltration in the absence
of plant

U

2

(10)
Thus, the proposed model is a system of partial differential
equations with equations for plant biomass density
P x, y, t and soil water dynamics N x, y, t defined as
(11).












Rate of change of soil water

infiltration into the soil
from rainfall

2
2
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 N  N  
 J 
 P  DN  2  2  
Y  
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Soil water movement
Soil water loss by plants uptake

 N 
P

   J 
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T
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s

1 

Rate of change of plant density
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  2 P  2 P 
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 DP  2  2  
Y  
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 X
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plant dispersal
N
T

where

T

 P  s2 N 0 
 A
  MN
and
 P  s2  evaporation
drainage

is the time, and

X,Y

(11)

Table 1
Parameters of the Model, their meanings and units

R
M

DP
DN

---

N0

NON-DIMENSIONALISATION OF THE MODEL
Generally, computations of null clines, steady states and the
stability of systems of equations could be done by the normal
procedure. However, at most times, when the number of
variables involved are huge, it becomes cumbersome and very
tedious to solve such systems. It is therefore beneficial in the
analysis of complex phenomena to transform the system of
species balance equations into dimensionless form. The
following representations labelled as (12) are the
dimensionless variables and the parameters that resulted into
the system of dimensionless equations indicated by (13).


Js2
A
M
, m
, g
, 
   J  s1
  J 
   J  s1 
1

   J   2
U

u
, y
 Y , t     J T , 
  J 
 DN 

1

   J   2
DP
N
P

DPN 
, n , p , x
 X 
DN
s1
s2
 DN 

a

(12)

The resulting dimensionless model is given as (13)

meanings and units are defined in Table 1.

A

M

represent the spatial

domain. The parameters associated with the model, their

Parameter

Kg m-2 year-1
Kg H2O m-2
year-1

Kg m-1

s2

Plant dispersal
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Meaning
Mean water supply or mean rainfall
Rate of infiltration into the soil
Rate of evaporation and drainage of soil
water
Dispersal coefficient of plant biomass
density
Diffusion coefficient of soil water
Yield of plant biomass density per unit of
soil water consumed
Plant mortality rate

J
Plant growth function representing a

Units
m year-1
Kg H2O
year-1
Kg H2O
year-1
Kg H2O
year-1
Kg H2O
year-1
Kg H2O
year-1

 2n 2n  

 n 

mn

g
p

 2 2



y   (13)
 n 1 

 x

2
2
 p  p
p  n 


 p  up  DPN  2  2 

t  n  1 

x

y



 p  N0
n
 a
t
 p 1

3 LINEAR ANALYSIS
m-2
m-2
m-2
m-2

The initial stage of the analysis of proposed model (13) is to
determine the equilibrium solutions (critical points) of the nonspatial form of the model. The relevant homogeneous steady
states of (13) are obtained by setting the space derivatives of
the dimensionless model to zero. Estimating the steady state


conditions, the following two steadystates E1  n , 0 and



E2  n , p were obtained. E1 which is the trivial
equilibrium point, biologically represents a trivial situation and
was obtained as (14):

m-2







aN 0

E1   n 
,
m





p  0 
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E2

(14) In similar manner,

n
 A11n  A12 p
t
p

A22 p
t

which is the non-trivial equilibrium

situation and ecologically plausible admits the equilibrium point
provided for as in (15)


u
E2   n  
,
u 1


p 

 B  B 2  4 AC  (15)

2A


Where

A  gu 2  gu, B  gu 2  au  gu  mu  a

 n 
 t   A11
 
 p   0
 t 

C  auN0  aN0  mu
model described by nonlinear partial differential equations in
(13) was considered. With Taylor series expansion and on







(19)
The relation in (19) was then represented as (20)

and

Linearization In this section, the linearization of the proposed

A12   n 
A22   p 

(20)
The representation indicated by (20) can also be represented
generally by (21)

inputs, suppose one assumes a slight perturbation given by

A
k
 Hk , where H   11
t
0

(16)

(21)

knowledge of nominal system trajectories and nominal system

n  ns  n 

p  ps  p 

k  et

then, linearizing the dimensionless model (13) leads to (17)

n
t



A11n



A12 p



p
t



A21n



A22 p





 (17)

  2 p  2 p 
DPN  2  2  
y  
 x

  2n  2n 
 2  2
y 
 x

For any diffusion-driven instability in a reaction diffusion
system, the first condition that must be satisfied is that, the
homogeneous steady state must be linearly stable to small
perturbations in the absence of diffusion. Thus, with no spatial
variation, the homogeneous system of equations obtained
from (17) is represented as a system of (18)



A11n





A21n




A12 p 


A22 p 


Aij ' s

aN0  m

Since

(22)

H  I 

A11  

A12

0

A22  

0

(23)
Evaluating the determinant represented by (23) leads to the
quadratic (24)

 2   tr H    det H

  2   A11  A22    A11 A22  0
Re   0

is guaranteed if (25)


aN 0 
tr H  A11  A22  m  u 
0
aN0  m 


A11  m , A12  a 1  N0   agN0
and A22 

in the

where  is the eigenvalue. The steady state k  0 is linearly
stable if Re   0 since in this case the perturbation
k  0 as t   . Substituting (22) into H in (21)
determines the eigenvalues  as the solution of (23)

Thus, linear stability, that is
and (26) are satisfied:

are given by

A21  0

k

(24)

(18)
where

A12 
n 
and k   

A22 
 p

and H is the stability matrix. A solution is sought for
form given as (22)

(16)

n
t
p
t
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aN 0  u  aN 0  m 
aN 0  m

A21  0 , (18) further reduces to (19)

,

(25)
and


aN0 
Det H  A11 A22  m  u 
  0
aN0  m 

(26)



Now as a  0 , aN0 aN0
are reduced to (27) and (28).

 m  0

and (25) and (26)
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tr H  m  u    m  u   0

n  t 

Det H  m  u   mu  0

t
p  t 

(27)
and





2
 A21n  t   A22 p  t   DPN p  t  Q

 A11n  t   A12 p  t   n  t  Q 2

t

(28)
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(34)

4.

Equation (34) finally reduces to a system of two partial
differential equations as (35)

DIFFUSION DRIVEN INSTABILITY

n  t 

Diffusion-driven instability is concerned with instability in the
presence of spatial variation. The interest is on linear instability
of the steady states that is solely spatially dependent. Thus,
the full reaction diffusion system given by (17) is considered.
One thus considers the substitution of perturbations of the
following forms given by (29) and (30):

n  x, y; t   n  t  cos  q1 x  cos  q2 y 

t
p  t 
t

(30)
Equation (29) is differentiated partially into the second order
forms with respect to spatial components x, y , and added to
obtain (31).

x 2





 2 n  x, y , t 

(31)
Finally, (30) is differentiated partially into the second order
forms with respect to spatial components x, y , and added to
obtain (32)

x 2



(37)
where

 A  Q2
J   11
 0



 2 p  x, y , t 

and

y 2

   q12  q22  p  t  cos  q1 x  cos  q2 y 


 A11n  t   A12 p  t   q12  q22 n  t 


t
 (33)
p  t 
2
2
 A21n  t   A22 p  t   DPN q1  q2 p  t  

t
2
2
2
Let Q  q1  q2 , then the system of Equation (33) becomes







2

is the stability matrix. The stability or Jacobian matrix

B
J   11
 B21

The Equations (31) and (32) were substituted into the
linearized system of equations in (17) to obtain the system of
Equation (33)



J


n 
 and    
A22  DPN Q 
 p
A12

from the system of Equations (37) is indicated as (38)

(32)

n  t 

 n 
 
 A22  DPN Q2   p 
A12


 J
t

   q12  q22  n  t  cos  q1 x  cos  q2 y 

 2 p  x, y , t 



(36)
The representation indicated by (36) can also be represented
generally as (37).

y 2







 n 
2
 t   A11  Q 
 
0
 p  
 t 

p  x, y; t   p t  cos  q1x  cos  q2 y 

 2 n  x, y , t 



The relation represented as (35) together with the condition
that A21  0 was then re-written as (36)

(29)




A12 p  t  
 (35)

2
A21n  t   A22  DPN Q p  t  





 A11  Q 2 n  t  

B12 

B22 

(38)

where the elements of the Jacobian matrix are as follows:


A

B11  A11  Q2
B22

22

,

 DPN Q

2

.

B12  A12

,

B21  0

and



The eigenvalues i for i  1, 2 for the Jacobian matrix was
obtained from an equation given by (39)

J  I  0

(34)

  2  (trJ )  det J  0

(39)

For the stability condition, Re   0 and a necessary and
sufficient conditions for linear stability is that trJ  0 as
indicated in (40)
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A11DPN  A22  0

trJ  B11  B22  0
(40)
Also, the

det J  f  Q2   0

(46)
However, this is a necessary condition because it does not
guarantee instability in (45). It is only when A11 DPN  A22 is
significantly large then that, (45) will hold and the instability is
guaranteed. It is already known that (47) holds

as indicated in (41)

det J  f  Q2   B11B22  B21B12  0


aN0 
A11  A22  m  u 
0
aN0  m 


(41)

B21  0 , the condition given by (41) reduces to

However, if
(42)

f  Q2   B11B22  0
(42)
However, for pattern formation to occur, instability is required.
This is only possible if one of (40) and (42) is not satisfied or

(47)
Thus, comparing (47) with (46), instability will occur for two
options from (47). These are that both A11 and A22 are
negative for which (46) cannot be satisfied since
A11DPN  A22 given as the left hand side of (46) is always
negative. This means that the next option is for one of A11 and
A22 to be negative and the other positive. From linearized
form given as (17), A11 is negative. This implies that A22
should be positive and represented as (48).

both of (40) and (42) are not satisfied. Thus, for pattern


aN0 
A22   u 
  0
aN

m
0



formation, the following situations labelled (40) and (42) must
be violated. If (40) is violated, the system will be unstable.

B11

Thus, substituting

and

B22

(48)
in (40) for the trace of the

Jacobian (first stability condition) to depict instability, one
obtains the following:
(i). the parameter set equations in (40) which depicts instability
was obtained as (43)

B11  B22   A11  Q    A22  DPN Q 
2

2

  A11  A22   Q 2  DPN Q 2   0

Without debunking the earlier condition assigned to (25) for
stability, since the second term of (43) is negative, the stability
condition of the trace when diffusion is added still holds. This
implies that (44) as indicated is negative and therefore always
true. Thus, the trace condition cannot be violated Thus, the
instability of the system when diffusion is added is purely
dependent on the determinant

f Q

Thus,
2

B

11

for

B22  0

instability,

it

is

required

that

leading to (45).

B11B22   A11  Q2    A22  DPN Q2   0
B11B22  DPN Q4  ( A11DPN  A22 )Q2  A11 A22  0


aN0 
 m  Q 2    DPN Q 2  u 
0
aN

m
0


 aN 0 
  m  Q 2  u  DPN Q 2    m  Q 2  
  0 (49)
 aN 0  m 
Thus, pattern formation is possible provided that (50) or (51),
or both hold as indicated.


aN0 
2
2
  m  u 
  Q  DPN Q   0 (43)
aN0  m 


(ii).
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(45)

Similarly, without debunking the earlier condition assigned to
4
(26) for stability, the first term DPN Q and last term A11 A22 of
the right hand side of (45) are both positive. The only condition
for stability is that if A11DPN  A22  0 then the determinant is
positive and the steady state is stable. Thus for instability, (46)
should hold.

m  Q

2

 aN 0 
 u  DPN Q 2   

 aN 0  m 

(50)

u  D

PN

 aN 0 
Q2   

 aN 0  m 

(51)

4

DISCUSSIONS OF THE RESULTS

The amount of rainfall received by the system is important in
determining the levels of environment factors for which a
closed vegetation cover can be maintained, but also on the
extent of environment factors for which pattern formation is
possible. The discussions of results of this research are
focused on model formulation which involves two main
aspects namely: the theoretical and empirical aspects of
growth, spread and vegetation pattern formation; the analysis
of the results obtained from the dynamics of the models and
the simulation run on the results. Linear stability analysis was
done to determine whether patterns formation is possible from
a homogeneous vegetation. The principle behind this linear
stability analysis is to investigate the parameter space that
may induce patterns formation. In the trivial case, the linear
stability analysis of the study shows that the conditions needed
for
pattern
formation
to
be
satisfied
is
that
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aN0 aN0  m  rN0  l   0, as a  0 .

Based on this

condition, the trace and determinant criteria are satisfied. This
implies that the homogeneous plant equilibrium decreases
with decreasing rainfall until plant become extinct. This allows
for homogeneous equilibrium of surface water, soil water and
plant density. Again, as
or decreases

N0

aN0 aN0  m  rN0  l 

increase

also increases or decreases respectively.

Thus, the results suggest that high

N 0 which is a surrogate for

a dimensionless infiltration capacity prohibits pattern
formation. Hence, one may not expect vegetation patterns to
exist when the soil fertility level is high and under rich water
condition. Thus, the observation of vegetation patterns on
higher fertility level in a given area of rich water condition
suggests that, in this area, mechanisms other than increased
infiltration with increasing vegetation biomass, high fertility and
given water condition are operating and responsible for pattern
formation. This is consistent with the findings of D’Odorico et
al.[27]. In the non-trivial case, the linear stability analysis of the
study shows that the conditions needed for pattern formation
to be satisfied is that rmu  a  lwS and wS  gu . Thus,
based on these conditions, the trace and determinant criteria
are satisfied. Hence, ecologically feasible region of the
parameter space that gives rise to Turing regimes in which
vegetation patterns continuously evolve in space is such that

gu  wS   a  rmu  l .

Regardless

of

the

parameter

space, as precipitation rate decreases the vegetation cover
shifts from uniform to gaps, labyrinths, spots, and finally, bare
soil. This behavior is consistent with the simulation results
reported in the findings of Gilad et al. [28]; Kéfi et al. [29];
Meron et al. [30]; Meron [18]; and Rietkerk et al.[31]. The
linear instability situations are influenced by two main
inequalities given by the following

u  D

and
Q2   aN0 aN0  m  rN0  l 
 m  DNW Q  u  DPW Q2   aN0 aN0  m  rN0  l  .
2

PW

This gives an indication of the principle of pattern formation
outlined by Turing. The models show positive relationship
between plant density and water infiltration.
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