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Abstract: This study aims to analyze the flexibility in Mathematics seen from the students work in working with graphing task in the College Algebra 
course. Flexibility is one of important aspects in problem solving which builds capability to connect the existing knowledge with the previous knowledge 
by extracting the information needed to be used in solving the problem. This connection will build the robust conceptual understanding. Researcher 
starts to routinize the flexibility in the teaching process by emphasizing the use of discussion, exploration, and analysis to train students see the specific 
information among concepts. Researcher also used flexible type questions to routinize the reversibility thought of students. After the teaching process, to 
assess the flexibility performance of students, researcher gives 4 open-ended graphing questions with different number of competences covered. 
Interview is also conducted for further investigation. The results showed that students are successfully developed their flexibility in Mathematics 
regardless their level of Mathematical ability. Their conceptual understanding is also improved, justified by the ability to give the reason of every answer 
they have made. However, the flexibility performance of students gets weaker when working with more linked competences in a question.  
 
Index Terms: Flexibility, understanding, connection, conceptual understanding, college algebra, graphing task, analysis, discussion 

——————————      —————————— 

 

1. INTRODUCTION 
CREATING Mathematical meaningful learning experience is 
always be the important concern for mathematics educators. 
There are several ways to promote the meaningful learning 
experience including developing the cognitively demanding 
task which is able to engage students in active discussion and 
improving their higher order thinking through problem solving. 
One of important aspects of problem solving is the ability to 
connect the existing knowledge with the previous knowledge 
by extracting the information needed to be used in solving the 
problem. Constructing such connections is possible if we also 
consider connecting the concepts and skill acquired from the 
learning experience and this is usually defined as building 
conceptual understanding [1]. Building Mathematical 
understanding itself is entirely depend on a student’s ability to 
construct cognitive connections between learned 
mathematical concepts and the procedures, where a 
mathematical concept is defined as the complex idea derived 
from the definition and mental constructs and procedure is 
specific algorithm to implement thinking process [2]. Therefore, 
it is worthy to investigate the kinds of processes that help 
students to acquire such ability which connects between them. 
Krutetskii has characterized the learning process that may 
help students to construct connections between learned 
concepts and procedures is by promoting flexibility [3]. Many 
research also have suggested to develop the importance of 
conceptual flexibility in mathematical task given to the 
students [4],[5],[6],[7]. Krutetskii defines flexibility itself as the 
reversibility of thought [3]. Reversibility is the capability to think 
back and forth between output and input or between process 
and outcome[2]. It will be impossible if someone does not 
understand the concept completely. Thus, developing 
reversible thought process in a view of mathematical 
understanding from beginning to the end or vice versa may 
also improve the mathematical understanding.  
 

2 LITERATURE REVIEW 
 
2.1 What is Flexibility 
Flexibility is often discussed in mathematics education as 
capability to exhibit a variety of strategies to solve the 
problems [8]. In particular, the strategies should be used by 
students in innovative way in different problem-solving 
situations [9] [10]. Furthermore, a flexible strategy choice 

should include the conscious or unconscious selection and 
use of the most appropriate solution strategy on a given 
mathematical item or problem, for a given individual, in a given 
context [11]. According to the previously mentioned definition 
of flexibility, we can point out that the characteristic of being a 
flexible solver is having multiple strategies. Besides, flexible 
solvers should also know the relative efficiency of the 
strategies [10], to apply the most appropriate one. Flexible 
problem solver is able to change their perspective rapidly in 
working with the problem [2]. In Mathematics, flexible solver is 
the one who is able to change the perspective from algebraic 
perspective to graphical perspective.  In addition, flexibility is 
also seen as the ability to connect the multiple skills acquired 
from the learning experiences[3]. Ideally, new skills build from 
previously learned skills by connecting them. The ability to 
make connections between new and previously learned skills 
helps students notice common characteristics and use those 
to strengthen their understandings.  
 
As a conclusion, there are several abilities should belong 
to the flexible problem solver [5]: 

1. Multiple interpretations of data.  
When given a problem, a flexible problem solver is 
able to consider several alternative interpretations. If 
the problem/situation needs a change, the problem 
solver could adapt and switch from one interpretation 
to another. 

2. Modifying representations.  
As flexible problem solver could adapt when a 
situation warrants a change, the solver will then able 
to choose the proper representation for the task. They 
may choose between a concrete or abstract 
representation, a functional or structural 
representation, or a principle oriented or surface-
oriented representation.  

3. Modification of strategies.  
Not only modifying the strategies, the flexible problem 
solver is also able to modify the strategy according to 
the task demand.  

 
2.2 Problem which Promotes Flexibility 
Typically, students acquired the understanding of 
mathematical concept by practicing what is given as example 
by teacher. Students follow the algorithm, fact, procedure and 
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skills exhibited in solving the questions and the practice of 
doing this will be repeated over until they acquire certain 
proficiency level [6]. However, the retention of understanding 
may not be long last as the skills built are not robust and 
sometimes students forget specific algorithm or even the 
entire algorithm. Therefore, there is a need to create the 
questions that will help students see the important aspects of 
a problem and making connection across them. Further, many 
students think that mathematics is a sequential subject, when 
you will find the answer if you follow the correct procedure. 
The common practice in mathematics teaching is also give 
students with the questions and show the procedure to do it, 
which gives students skills of memorization rather than 
understanding the concept as the whole idea. The impact is, 
when the problem is slightly changed, some students will say 
that the questions is getting more difficult. One of the 
examples is, students will see questions like 3 + 4 =… is 
easier rather than 3 + … = 7. Their ability to see the problem 
from different perspective is not well developed. Flexible type 
questions is able to encourage students to think deeper and 
engage students in interactive classroom situation where 
debate, questioning, and discussion are encouraged [12]. The 
sample of flexible question will be depicted in this following 
table: 

  
TABLE 1  

SAMPLE QUESTION TO PROMOTE FLEXIBILITY 
  

 COMMON 
QUESTIONS 

Find the value of 𝑥 of this following equation: 

 5(𝑥 − 5) + 4(𝑥 − 4) = −2(𝑥 − 3)   

FLEXIBLE 
TYPE 
QUESTIONS 

 

 
The flexible question in the table 1 will create interactive 
discussion among students and teacher as there will be many 
answer alternatives emerged from the question. This also 
shows that this type of question will give the same opportunity 
for students to access and respond as well as improves their 
creativity. Flexible – type – question is also able to build the 
students ability to see the problem from multiple perspective. 
As this question promotes the reversibility thought, it gives 
students the answer and ask students to create the problem. 
Students will think in backward route to create a sensible 
answer. Students might work with the trial and error approach 
and see if it works. Other students may have different 
approach to solve the challenge. This type of questions also 
can be integrated to be classroom instruction.  The teacher 
would ask students to find the alternative way to find the 
equation which has the required solution. After students 
sharing their other strategies, teacher could initiate the 
discussion about how the strategy are alike, how they are 
different, or how they are related. Focusing students on the 
structure of the solution methods builds their understanding of 

how different strategies can be used and creates additional 
tools for them. To incorporate flexible thinking into instruction 
for solving problems in different ways, the following ―instant‖ 
questions can be used: 

1. Can you solve the problem using different strategy? 
2. Does anyone have the same answer but a different 

way? 
This instruction supports students’ development of multiple 
ways of finding connections among problems, their solutions, 
and solution methods. These questions encourage students to 
expand their repertoire of strategies and broaden their 
perspectives about particular concepts and skills by seeing 
connections within and across problem types.  
In conclusion, the characteristic of questions which promotes 
flexibility is as follow: 

1. Open ended question to provide many answer 
alternatives 

2. Reversibility typed question which can be started from 
the answer, then create the problem 

3. Given several problems and asking about the 
identification of the problem which are they alike, 
different, to see the characteristic and specific 
information among problems. 
 

2.3 Why College Algebra? 
Many Research has suggested that there are many students 
who are struggling in their first year as a student in the 
University taking Calculus [2],[13]. Calculus is usually offered 
in the university in three sequential calculus courses. There 
are many students who are still struggling in concept like 
function and graphing. Introducing skills needed in calculus 
course can be started from the very basic course, College 
Algebra. As strong foundation being built in the college algebra 
course may help students improve their understanding in 
Calculus course.    

 

3 AIMS AND RESEARCH QUESTION 
This research aims to analyse the flexibility performance of 
students when they are working with open ended graphing 
questions in college algebra. We will analyse the result based 
on their performance in connecting multiple concepts, their 
skills to modify the strategies, and justify the final result by 
then. Therefore, the research question will be: 

1. How is the flexibility performance of students in working 
with open ended graphing task in college algebra? 
 

4 RESEARCH METHOD AND DATA 

COLLECTION  
 
4.1 Teaching Process 
This research will be started from the teaching process which 
routinize the flexibility environment. Teacher will start 
explaining the material from the general facts and the 
definition of the concepts. However, to build the robust 
understanding, teacher will ask students to discover and 
explore more about the topics by using the explained facts and 
then ask them to generalize. This step is emphasized as 
students are encouraged to see the special characteristic in a 
concept. In explaining the transformation of the graph and 
domain and range concept, teacher uses dynamic geometry 
online platform such as Desmos to help them exploring. They 
are able to move the blue points and change the value of a 
and see the effect to the graph instantly.  as depicted below: 
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As a final stage of teaching, teacher will give the question for 
students. The type of questions delivered are usually the 
combination between the open ended and closed ended 
questions, but mostly consists of the former one. During the 
teaching process, students will be set up in a pair setting. The 
approach that will be used is Think - Pair – Share. It should be 
recognized that the flexible type questions need longer time to 
be responded. Thus, using this approach, students will be 
given enough time to think and respond appropriately. Further, 
allowing students to share to their pair before the answer is 
shared to the entire class, gives them more confidence as the 
validity of response can be assessed[6]. 

 

Using this approach, also establish the accountability of 
students. Students will be prepared to provide the answer 
whenever the question is presented as there is a time 
allocated for sharing. However, it is important to note that the 
answer is not always correct. The incorrect answer is as 
important as the correct answer as it provides the information 
of students’ misconception. This information can be taken 
forefront in a discussion. This is also as a bridge for students 
to think further by analyzing the misconception. All of the steps 
in the teaching process will be repeated over during the class 
of college algebra this fall 2019. The pairing group will be 
changed over every time they have the course, so that every 
student will experience different ambience of having different 
partner. However, in this research researcher will focus only 
on graphing skills material. 

 
4.2 Assessment Process 
Below is the type of questions will be used during the 
assessment after the teaching process. There are three types 
of questions which covered different number of standard 
competences. This research aims to investigate how flexible 
students incorporating their knowledge and connect it to solve 
the problem. This can be assessed through student’s 
performance in working this problem individually. 
  

TABLE 2  
LIST OF QUESTIONS AND STANDARD COMPETENCE COVERED 

Type Questions Standard Competence 

1 

Draw the function with this 
following requirement: 
a. The line has negative 

slope and passing 

through (−1,1). After 
drawing, please provide 
the corresponding 
function. 

b. Domain: −4 ≤ 𝑥 ≤ 2 and 

Range : 0 ≤ 𝑦 ≤ 4  
 

For questions part (a) 
1. Students are able to 

interpret the slope 
concept in a graph of 
linear function. 

2. Students are able to 
establish the linear 
function which 
corresponds to the 
graph 
 

For questions part (b) 
1. Students are able to 

sketch a graph of 
function with certain 
domain and range 

2 

Creates a system consisting 
two linear equations which has 
either no solution or infinitely 
many solution. Solve it by 
graphing method! 

1. Students are able to 
establish the linear 
function which 
corresponds to the 
graph. 

2. Students apply the 
concept of a system 
having no solution or 
infinitely many 
solutions in solving a 
problem 

3. Students are able to 
sketch the graph from 
the function. 

 

3 

Write and sketch a piecewise 
defined function with this 
following requirement: 

Domain : (−3, 2) ∪ (2, ∞) 

Range : (−1, ∞) 

1. Students are able to 
apply the definition of 
function in a graph of 
function 

2. Students are able to 
use transformation of 
the graph to sketch the 
graph. 

3. Students are able to 
provide the graph with 
certain domain and 
range. 

4. Students are able to 
provide the function 
from corresponding 
graph. 

 
According to the number of standard competences covered in 
the problem, it is clearly seen that problem 1(b) covers the 
least number of standard competences, which is only one 
competence. On the other hand, problem 3 covers the most 
competences, which is 4 competences. The flexibility will also 
be assessed through how many competence students are 
able to connect in working on a problem. 
 
4.3 Interview Session 
After the assessment conducted, teacher will choose several 
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answers to be discussed and analyzed further. From those 
selected one, researcher will also conduct interview session 
for further investigation especially to investigate the way they 
are thinking to solve the problem. The main questions being 
asked will be ―please explain the step of how you do this 
problem‖. This question will be elaborated depends on the 
needs. 
 

5 RESULTS AND DISCUSSION 
After conducting the assessment process, there are 7 selected 
participants who are coming from different level of ability. 4 
students from high achiever, 3 students from middle achiever, 
and 2 students from low achiever. Researcher then assesses 
their result according to standard competence achieved in 
every problem. The colored means that they have 
accomplished the corresponding standard competence. the 
summary of their performance is given on this table below: 

 
TABLE 3  

THE SELECTED STUDENTS PERFORMANCE BASED ON STANDARD 

COMPETENCE 

Question 1(a) 1(b) 2 3 

Standard Competence 
1 2 1 1 2 3 1 2 3 4 

Ability  Subject 

High 
F                     

T                     

Middle 

K                     

L                     

S                     

Low 
A                     

B                     

 
If we see briefly from the table, it is seen that question 1(b) 
with one competence covered is successfully accomplished by 
all selected students regardless their level of ability. On the 
other hand, we see that only at question number 3 which 
covered the most competences, no one can solve the 
questions perfectly. We hypothesize that the more connection 
needed to be made to work on a problem requires more 
productive struggle cognitively. It is also justified by the 
statement [14], ―When completing higher demanding tasks 
students are engaged in a productive struggle, that challenges 
them to make connections to concepts and to other relevant 
knowledge‖. We will discuss further by presenting the students 
work and its analysis as follow. 

 
5.1 Question 1. (b)  

In 
this question, students are asked to create a graph of a 
function with certain domain and range as required. All  
selected students are able to provide the correct graph. They 
interpret the endpoint correctly as the domain and range stop 
at certain position. The variation of answer is seen in figure 
below. One of selected students even provide the function of 
the graph he draws. The function is correct, yet he is not 
providing the restricted domain.  

Students are able to think reversely by having the required 
domain and range of a function first, then think to create a 
graph which corresponds to the stated domain and range. 
Showing the reversibility thought is one of the characteristic  of 
being flexible problem solver [3] 
 
5.2 Question 1. (a) 
In the next question, 1. (a), students will be asked to interpret 
the meaning of negative slope in a graph of linear function. 
Further, students need to provide the function of graph he/she 
has made. There is also additional requirement that the graph 
should pass the certain point, point (-1,1). This question 
assesses the performance of students in not only think 
reversely, but also connecting between the concept of slope 
and writing a function from a graph.  
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 Not all students perform well in this question.  According to 
the table 2, one student from the high achiever students only 
accomplish one out of two competences covered in this 
question. Her work is seen through figure below. She is able to 
interpret the negative slope appropriately in the graph and the 
graph also passes the required point. However, she is not able 
to provide the correct function from the graph she has made. 
She gives wrong slope and y-intercept. She is indeed 
categorized as high achiever student, however it does not 
guarantee the flexibility of students especially in connecting 
multiple concepts. After confirming from the interview session, 
student starts with graphing the line that has negative slope 
and passes the point (-1,1). She miscalculated the slope and 
substitute (1,1) as a point to slope intercept form 𝑦 = 𝑚𝑥 +
𝑏 instead of (-1,1). On the other hand, we have other student 
work who is accomplishing all competences covered in the 
question. She starts with determining the function by having 
the slope-intercept form 𝑦 = 𝑚𝑥 + 𝑏, then determining a 
negative slope and substitute the required points. After she got 
the equation of the line, she started sketch it according to the 
information given on the linear equation. Both works showed 
that students may have different strategies in solving a 
problem as this problem promotes the flexibility. Further, 
student who is able to think flexibly is able to modify her/his 
strategy depend on what he/she knows and the task demands 
[5].  
 
5.3 Question 2 
Researcher then develop the next questions to cover one 
more competence from those covered in the previous 
questions. Other than the ability to sketch and provide the 
function of the corresponding graph appropriately, researcher 
will also assess the competence of applying the concept of a 
system having either no solution or infinitely many solutions in 
a graph of the system of linear equation. Students need to 
connect all those three concepts and applying to a graph of 
the required system. 
 

Below is the work from selected student who is categorized as 
low achiever student. He manages to provide the sketch the 
linear function and gives the appropriate corresponding 
function. However, he does not understand the concept of 
having either no solution or infinitely many solutions if it is 
applied to the graph. Alternatively, we have student work from 
middle achiever student who got correct in answering this 
problem. She justified  
 

 
 

the system having no solution not only by the graphing but 
also by using elimination method. From the interview session, 
she feels that she needs to justify her answer by showing the 
calculation to make her at ease. At the first time, she feels not 
confident in giving the answer which is explaining she has 
some scratches in writing linear equation system. The ability to 
justify the answer by connecting and associating the concepts, 
facts, and procedure is beyond the understanding the concept 
itself. It is the flexibility who drives such ability. 
 
5.4 Question 3 
As the final questions asked in the assessment process, this 
question brings significant information. This question covers 4 
competences as the combination of the competences covered 
in the previous questions. It covers the competence of 
understanding the domain and range by sketching an 
appropriate graph of a function which has certain domain and 
range. Next, it also covers how students represent the function 
of sketched graph. This competence also allows them to apply 
the concept of transformation of graph. Researcher then add 
the ability to justify whether their graph is the graph of function 
or not by applying the definition of function itself. 
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None of selected students are able to provide the perfect 
answer as some competences are not covered while working 
with this problem. For example, this following student who is 
categorized in high achiever students. He worked well in 
creating graph and able to provide the correct corresponding 
function by applying the graph transformation properly. 
However, he missed one thing that his graph fails to be a 
graph of a function which also implies that the graph has 
wrong domain. His work is depicted in below figure. 
Additionally, other work from middle achiever students also 
showed that there is one competence is not covered when 
they working on a problem. This student is not careful when 
she provides the graph of line. She wants to sketch graph of 
𝑦 = 𝑥 − 3 if 𝑥 > 2, however, she missed the graph to pass the 
point (0,3). After confirming to the students through interview, 
student just forget that she needs to also check the 𝑥 − 𝑖𝑛𝑡 as 
she has already so much things to recheck again. A lot of 
scratch in her answer explains her interview statements. Her 
statement saying that she has so much things to recheck 
again in this question means that the more complex situation, 
the more justification among the concepts we need to check. 
Solid and robust understanding will drive student to have this 
step done well which also implies that student has developed 
stronger flexibility toward the concepts. 

 
 
6 CONCLUSION 
This research shows that the routine teaching process which 
promotes flexibility and the using of open-ended questions are 
giving the opportunity to students to expand their 
understanding of defined facts and concepts through applying 
in different demand of problem. As understanding not simply 
assessed by memorizing the known facts and algorithms, but 
it is beyond that. The assessment which assess understanding 
should reflect students ability to link specific facts with broader 

idea and justify the connections [15]. The students also need 
to give the supporting evidence to support their answer too by 
linking it to the previously learned concepts. Finally, researcher 
concludes that students are successfully developing their 
flexibility in working with Mathematics problem. Further, 
researcher found that most selected students are performing 
better in working on the questions with fewer competences 
(linked concepts) covered. After analyzing based on their work 
and confirming through the interview, researcher conclude that 
the more concepts being connected, the more cognitive effort 
should students use in working on the problem.  The effort 
consists of creating the strategy, establish the strategy, 
checking the mathematical connections among concepts, and 
justifying the final answer by working backward. Finally, this 
research also shows that the flexibility needs to be promoted 
in every teaching and learning activity, as this research 
suggests that students may comprehend well in a separately 
concept, yet it does not guarantee they will work well when 
those multiple concepts being connected. The flexibility also 
needs to be assessed as teacher needs to know whether 
students have built their robust understanding or not. 
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